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Abstract. We introduce the class of constant probability (CP) programs
and show that classical results from probability theory directly yield a
simple decision procedure for (positive) almost sure termination of pro-
grams in this class. Moreover, asymptotically tight bounds on their ex-
pected runtime can always be computed easily. Based on this, we present
an algorithm to infer the ezact expected runtime of any CP program.
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1 Introduction

Probabilistic programs are used to describe randomized algorithms and probability
distributions, with applications in many areas. As an example, consider the well-
known program which models the race between a tortoise and a hare (see, e.g.,
[11,24,30]). As long as the tortoise (variable ¢) is not behind the hare (variable h),
it does one step in each iteration. With :

bability 1, the hare stays at its posi-| "211€ (h <) {
Probabluty 3 e Sy P t=t+1;
tion and with probability 2 it does a ran- {h=h+ Unif(0,10)} @1 {h = h}:
dom number of steps uniformly chosen 2
between 0 and 10. The race ends when the
hare is in front of the tortoise. Here, the hare wins with probability one and the
technique of [30] infers the upper bound % -max(t—h+9,0) on the expected num-
ber of loop iterations. Thus, the program is positively almost surely terminating.

Sect. 2 recapitulates preliminaries on probabilistic programs and on the
connection between their expected runtime and their corresponding recurrence
equation. Then we show in Sect. 3 and 4 that classical results on random walk
theory directly yield a very simple decision procedure for (positive) almost sure
termination of CP programs like the tortoise and hare example. In this way,
we also obtain asymptotically tight bounds on the expected runtime of any CP
program. Based on these bounds, in Sect. 5 we develop the first algorithm to
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compute closed forms for the exact expected runtime of such programs. In Sect. 6,
we present its implementation in our tool KoAT [10] and discuss related and
future work. We refer to the appendix for a collection of examples to illustrate
the application of our algorithm and for all proofs.

2 Expected Runtimes of Probabilistic Programs

Ezample 1 (Tortoise and Hare). The pro- | pije (1, —1) e (t,h) > —1) {
gram Ppqc. on the right formulates the race (t,h) = (t,h) + (1,0) [%];
of the tortoise and the hare as a CP program. (t.h) = (5, 1) + (1,1) [L]:
In the loop guard, we use the scalar product ’ ’ ’ 220
(1,—1) e (t,h) which stands for t — h. Exactly (t,h) = (t.h) +(1,2) g
one of the instructions with numbers in brack- | (t,h) = (t,h) +(1,3)  [5];
ets [...] is executed in each loop iteration and :

the number indicates the probability that the (t,h) — (t,h) + (1,10) [%],
corresponding instruction is chosen. }

We now define the kind of probabilistic programs considered in this paper.

Definition 2 (Probablllstlc Program). A pro- [, . (@aex>b){
gram has the form on the right, where x = (z1,..., ) T—z+c1 [pe(®);
for some r > 1 is a tuple of pairwise different pro- . ! “ ’
gram variables, a,ci,...,c, € Z" are tuples of inte- | 5 = 44 cn [pe, (@)];
gers, the c; are pairwise distinct, b€Z, o is the scalar o

: - x=d [p'(x)];
product (i.e., (ai,...,a,;) ® (T1,...,2,) = a1 - ¥1 + )
oot ap-x), and d € Z" with a e d < b. We require

Per (@), b, (2), (@) € Bog = {r €R |12 0} and 3, pe, (@) +4/() =
1 for all x € Z". It is a program with direct termination if there is an & € 7"
with a e x > b and p'(x) > 0. If all probabilities are constant, i.e., if there are
Pers -3 Pen, P € Rxg such that pe,(x) = pe, and p'(x) =p' for all1 < j <n
and all x € Z", we call it a constant probability (CP) program.

Such a program means that the integer variables & are changed to « 4 ¢; with
probability pe; (). For inputs & with a e z < b the program terminates immedi-
ately. Note that the program in Ex. 1 has no direct termination (i.e., p’(x) = 0 for
all @ € Z"). Since the values of the program variables only depend on their values
in the previous loop iteration, our programs correspond to Markov Chains [32]
and they are related to random walks [17,21,33], cf. the appendix for details.
Clearly, in general termination is undecidable and closed forms for the runtimes
of programs are not computable. Thus, decidability results can only be obtained
for suitably restricted forms of programs. Our class nevertheless includes many
examples that are often regarded in the literature on probabilistic programs.
So while other approaches are concerned with incomplete techniques to analyze
termination and complexity, we investigate classes of probabilistic programs
where one can decide the termination behavior, always find complexity bounds,
and even compute the expected runtime ezactly. Our decision procedure could
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be integrated into general tools for termination and complexity analysis of
probabilistic programs: As soon as one has to investigate a sub-program that falls
into our class, one can use the decision procedure to compute its exact runtime.
Our contributions provide a starting point for such results and the considered
class of programs can be extended further in future work.

In probability theory (see, e.g., [2]), given a set {2 of possible events, the goal
is to measure the probability that events are in certain subsets of 2. To this end,
one regards a set § of subsets of (2, such that § contains the full set {2 and is
closed under complement and countable unions. Such a set § is called a o-field,
and a pair of {2 and a corresponding o-field § is called a measurable space.

A probability space (§2,F,P) extends a measurable space (§2,§) by a probability
measure P which maps every set from § to a number between 0 and 1, where
P(2) =1, P(@) = 0, and P(@BO Aj) = ijo
sets Ag, A1,... € §. So P(A) is the probability that an event from (2 is in the
subset A. In our setting, we use the probability space ((Z")“, §* , PL ) arising from
the standard cylinder-set construction of MDP theory, cf. App. B. Here, (Z")"
corresponds to all infinite sequences of program states and IP’ZZO is the probability
measure induced by the program P when starting in the state xy € Z". For
example, if A C (Z?)“ consists of all infinite sequences starting with (5,1), (6, 1),
(7,6), then PZ’:‘{?(A) = L& . L =23 So, if one starts with (5,1), then 73 is
the probability that the next two states are (6,1) and (7,6). Once a state is
reached that violates the loop guard, then the probability to remain in this state
is 1. Hence, if B contains all infinite sequences starting with (7,8), (7,8), then

Pz){g;e(B) = 1. In the following, for any set of numbers M let M = M U {cc}.

P(A;) for any pairwise disjoint

Definition 3 (Termination Time). For a program P as in Def. 2, its ter-
mination time is the random variable TT : (Z")* — N that maps every infinite
sequence (2o, 21, ...) to the first index j where z; violates P’s loop guard.

Thus, 77" (((5,1), (6,1), (7,8), (7,8),...)) = 2 and T" = (((5,1), (6, 1), (5, 6),
(8,6),(9,6),...)) = oo (i.e., this sequence always satisfies P,.qce’s loop guard as
the jth entry is (5 + j,6) for 7 > 3). Now we can define the different notions of
termination and the expected runtime of a probabilistic program. As usual, for
any random variable X on a probability space (£2,F,P), P(X = j) stands for
P(X~*({5}))- So on (T = j) is the probability that a sequence has termination
time j. Similarly, PL (77 < o0) = Z o PL (T” = j). The expected value E(X)
- J
of a random variable X : £2 — N for a probability space (£2,F,P) is the weighted
average under the probability measure P, i.e., E(X) = Z N j-P(X = j), where
J

00-0=0and co-u = oo for all u € N5g.

Definition 4 (Termination and Expected Runtime). A program P as
in Def. 2 is almost surely terminating (AST) if IP);DU (T” < o0) = 1 for any
initial value xo € Z". For any xy € Z", its expected runtime tho (i.e., the
expected number of loop iterations) is defined as the expected value of the ran-

dom wvariable TT under the probability measure PL | i.e., rtfo = IEZ:O (TP) =

xo’
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Z o j-PL(TP=j) if PL (I"<o00) =1, and rt =EL (T7) = 0o otherwise.
J

o
The program P is positively almost surely terminating (PAST) if for any initial
value xy € Z", the expected runtime of P is finite, i.e., if rtﬁ) = ]EZ:O (TP) < 0.

Ezample 5 (Expected Runtime for Prqce). By the observations in Sect. 4 we will
infer that % - (t—h+1) < Tth;‘l;e < 2.(t—h+1)+ 18 holds whenever t —h > —1,
cf. Ex. 22. So the expected number of steps until termination is finite (and linear
in the input variables) and thus, Prqce is PAST. The algorithm in Sect. 5 will

even be able to compute rtg':';z;e exactly, cf. Ex. 34.
If the initial values x( violate the loop guard, then the runtime is trivially 0.

Corollary 6 (Expected Runtime for Violating Initial Values). For any
program P as in Def. 2 and any xg € Z" with a e ¢y < b, we have tho =0.

To obtain our results, we use an alternative, well-known characterization of
the expected runtime, cf. e.g., [4,9, 16,24-27,32, 34]. To this end, we search
for the smallest (or “least”) solution of the recurrence equation that describes
the runtime of the program as 1 plus the sum of the runtimes in the next loop
iteration, multiplied with the corresponding probabilities. Here, functions are
compared pointwise, i.e., for f,g: Z" — R>, we have f < g if f(x) < g(x) holds
for all € Z". So we search for the smallest function f : Z" — R>q that satisfies

flx) = Zl<j<npcj (@)-f(x+¢;)+p' (x)-f(d)+1 for all  with aex >b. (1)

Equivalently, we can search for the least fixpoint of the “expected runtime trans-
former” £7 which transforms the left-hand side of (1) into its right-hand side.
Definition 7 (L7, cf. [32]). For P as in Def. 2, we define the expected runtime
transformer L7 : (Z"— Rxq) — (Z"— Rxq), where for any f: Z"— Rxo:
, ;
o) < [Drcien?s @ f@+e) 7@ Fd)+1, iFasa>
f(z), ifaex <b

Ezample 8 (Expected Runtime Transformer for Prace). For Proce from Ex. 1,
LPrece maps any function f : 72 — R>¢ to LPrace(f), where LTraee(f)(t, h) =

{ﬁ.f(Hl,h)Jrle.z ft+1,h+5)+1, ift—h>—1

1<j<10 (2)
F(t, h), ift—h<-—1

Thm. 9 recapitulates that the least fixpoint of £¥ indeed yields an equivalent
characterization of the expected runtime. In the following, let o : Z" — R>( be
the function with o(x) = 0 for all x € Z".

Theorem 9 (Connection Between Expected Runtime and Least Fix-
point of L7, cf. [32]). For any P as in Def. 2, the expected runtime trans-
former LF is continuous. Thus, it has a least fixpoint lfp(ﬁp) 12" — R>, with
1fp(L7) = sup{o, LF (0), (LT)*(0),...}. Moreover, the least fizpoint of LT is the
expected runtime of P, i.e., for any xo € Z", we have ifp(LT)(xo) = rtljo.
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So the expected runtime rtZ";;;e can also be characterized as the smallest

function f: Z? — Rxg satisfying f(t,h)=(2), i.e., as the least fixpoint of L7 ac.

3 Expected Runtime of Programs with Direct Termination

We start with stating a decidability result for the case where for all & with
a e x > b, the probability p’(z) for direct termination is at least p’ for some
p’ > 0. Intuitively, these programs have a termination time whose distribution
is closely related to the geometric distribution with parameter p’ (which has
expected value ;). By using the alternative characterization of rtz; from Thm. 9,
one obtains that such programs are always PAST and their expected runtime
is indeed bounded by the constant = . This result will be used in Sect. 5 when
computing the ezact expected runtime of such programs. The more involved case
where p/(z) = 0 is considered in Sect. 4.

Theorem 10 (PAST and Expected Runtime for Programs With Direct
Termination). Let P be a program as in Def. 2 where there is a p' > 0 such
that p'(x) > p' for all © € Z" with a e x > b. Then P is PAST and its expected

runtime is at most ;, i.e., rth)O < 1% ifaexy>b, and rtz,fo =0ifaexy<h.

Ezample 11 (Ex. 1 with Direct Termination). | .pi1e ((1,—1) e (t,h) > —1) {
Consider the variant Pgirect Of Prece On the (t,h) = (t,h) + (1,0) |
right, where in each iteration, the hare either B) = (7.8 (L],
does nothing with probability 19—0 or one di- } (t,h) = (7.8) 107
rectly reaches a configuration where the hare

is ahead of the tortoise. By Thm. 10 the program is PAST and its expected
runtime is at most -+ = 10, i.e., independent of the initial state it takes at most

10
10 loop iterations on average. In Sect. 5 it will turn out that 10 is indeed the
exact expected runtime, cf. Ex. 32.

4 Expected Runtimes of Constant Probability Programs

Now we present a very simple decision procedure for termination of CP programs
(Sect. 4.2) and show how to infer their asymptotic expected runtimes (Sect. 4.3).
This will be needed for the computation of exact expected runtimes in Sect. 5.

while (z > 0) {

4.1 Reduction to Random Walk Programs
r=z+m [pul;

As a first step, we show that we can restrict ourselves :
to random walk programs, i.e., programs with a single | z =z +1 [p1];
program variable x and the loop condition z > 0. =z [po);

Definition 12 (Random Walk Program). 4 CP pro- =z—1 [p-af;
gram P is called a random walk program if there exist :
m,k € N and d € Z with d < 0 such that P has the form r=x—k [pl;
on the right. Here, we require that m > 0 implies p,, >0 | *=4d '];

and that k > 0 implies p_p > 0. }
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Def. 13 shows how to transform any CP program as in Def. 2 into a random walk
program. The idea is to replace the tuple by a single variable x that stands for
a e x — b. Thus, the loop condition a e x > b now becomes x > 0. Moreover, a
change from x to « 4+ ¢; now becomes a change from x to 4 a e c;.

Definition 13 (Transforming CP Programs to Ran-
dom Walk Programs). Let P be the CP program on the
left with © = (x1,...,x,) and aed < b. Let rdwp denote
T —=x+c, e, ]: the affine :nap rdwp: Z'— Z with rdwp(z) = aez—b for
v —d w: all z € 7. Thus, rd@p(d) < 0. [4hile (>0){
) Let kp,mp € N be minimal such €=+ mp [prdw];
that —kp <aec; <mp holds : me

forzl"wall 1<j<n. Foral —kp < j < mp, we define | 7 — o — kp [pr_déﬂp];

pj = Zl<u<n aec—; De, - This results in the random | . _ rdwp(d) [p'];
walk program P on the right.

while (aex >b) {
r=x+c1 [pel;

Ezample 14 (Transforming Prace). For the program Prace
of Ex. 1, the mapping rdwp,,.. : 7> — 7 is rdwp,,. (t,h) =
(1,-1) e (t,h) + 1 =t — h+ 1. Hence we obtain the random

[17]

17.

walk program P2 on the right, where x = rdwp,, (t,h) | T=7T [35);
represents the distance between the tortoise and the hare. r=x—1 [2—12},
— 17,

Approaches based on supermartingales (e.g., [1,5,11,13,14, r=r-2 [5);

18]) use mappings similar to rdwp in order to infer a real-
valued term which over-approximates the expected runtime. }
However, in the following (non-trivial) theorem we show
that our transformation is not only an over- or under-approximation, but the
termination behavior and the expected runtime of P and P™" are identical.

Theorem 15 (Transformation Preserves Termination & Expected Run-
time). Let P be a CP program as in Def. 2. Then the termination times
TP and TP "are identically distributed w.r.t. rdwp, i.e., for all xy € Z" with
xo = rdwp (o) and all j €N we have IE’”;O (TP=j) = Pf(:dw (Tprdw:j). So in partic-
ular, PL (T7 <o0) = IP’ZM (Tp‘rdw<oo) and rtl, =EL (T7) :Efom (T Pm) = rtfordw.
Thus, the expected runtimes of P on the input @y and of P™ on xy coincide.

The following definition identifies pathological programs that can be disregarded.

Definition 16 (Trivial Program). Let P be a CP pro- |while (z >0) {
gram as in Def. 2. We call P trivial if a =0 = (0,0,...,0) r=x [1];
or if P™™ s the program on the right. }

Note that a random walk program P is trivial iff it has the form while(z >
0){z =z [1];}, since P=P"% holds for random walk programs P. From now on,
we will exclude trivial programs P as their termination behavior is obvious: for
inputs x( that satisfy the loop condition aexg > b, the program never terminates
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(i.e., rtfo = 00) and for inputs @y with a e y < b we have rtZZO = 0. Note that if
a = 0, then the termination behavior just depends on b: if b < 0, then rtﬁo =00
for all g and if b > 0, then tho =0 for all xg.

4.2 Deciding Termination

We now present a simple decision procedure for (P)AST of random walk programs
P. By the results of Sect. 4.1, this also yields a decision procedure for arbitrary
CP programs. If p’ > 0, then Thm. 10 already shows that P is PAST and its
expected runtime is bounded by the constant 1%. Thus, in the rest of Sect. 4 we
regard random walk programs without direct termination, i.e., p’ = 0.

Def. 17 introduces the drift of a random walk program, i.e., the expected
value of the change of the program variable in one loop iteration, cf. [5].

Definition 17 (Drift). Let P be a random walk program P as in Def. 12. Then
its drift is pp = Z J-pj

—k<j<m
Thm. 18 shows that to decide (P)AST, one just has to compute the drift.

Theorem 18 (Decision Procedure for (P)AST of Random Walk Pro-
grams). Let P be a non-trivial random walk program without direct termination.

o If up > 0, then the program is not AST.
o If up =0, then the program is AST but not PAST.
o If up <0, then the program is PAST.

Ezample 19 (Prqce is PAST). The drift of P72 in Ex. 14 is Popran =1 1% +

race

1 i _3 : .
55 Z—9§j§0 J 5 < 0. So on average the distance x between the tortoise

and the hare decreases in each loop iteration. Hence by Thm. 18, Pr% is PAST
and the following Cor. 20 implies that Pyqce is PAST as well.

Corollary 20 (Decision Procedure for (P)AST of CP programs). For
a non-trivial CP program P, P is (P)AST iff P™" is (P)AST. Hence, Thm. 15
and 18 yield a decision procedure for AST and PAST of CP programs.

In the appendix, we show that Thm. 18 follows from classical results on random
walks [33]. Alternatively, Thm. 18 could also be proved by combining several
recent results on probabilistic programs: The approach of [28] could be used to
show that up = 0 implies AST. Moreover, one could prove that up < 0 implies
PAST by showing that x is a ranking supermartingale of the program [5,11,14,18].
That the program is not PAST if up > 0 and not AST if up > 0 could be proved
by showing that —x is a up-repulsing supermartingale [13].

While the proof of Thm. 18 is based on known results, the formulation of
Thm. 18 shows that there is an extremely simple decision procedure for (P)AST
of CP programs, i.e., checking the sign of the drift is much simpler than applying
existing (general) techniques for termination analysis of probabilistic programs.
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4.3 Computing Asymptotic Expected Runtimes

It turns out that for random walk programs (and thus by Thm. 15, also for CP
programs), one can not only decide termination, but one can also infer tight
bounds on the expected runtime. Thm. 21 shows that the computation of the
bounds is again very simple.

Theorem 21 (Bounds on the Expected Runtime of CP Programs).
Let P be a non-trivial CP program as in Def. 2 without direct termination
which is PAST (i.e., ppmun < 0). Moreover, let kp be obtained according to the
transformation from Def. 13. If rdwp(x¢) < 0, then rtzc)O = 0. If rdwp(xg) > 0,
then P’s expected runtime is asymptotically linear and we have

1 P 1—kp
_M’Pvdw ' rd'IU’P (:L.O) S Ttwo S _M’Pvdw ' Td’wp (xo) + Hprdw :

Ezample 22 (Bounds on the Runtime of Prace). In Ex. 19 we saw that the
program Pr% from Ex. 14 is PAST as it has the drift prprin = —3 < 0. Note

that here k = 9. Hence by Thm. 21 we get that whenever rdwp,,,, (t,h) =t—h+1

is positive, the expected runtime rtzr}jge is between - 1d ~rdwp,,. (t,h) =
’ Prace )
1—k 2 16

% -(t—h+1) and — gt

- rdwp,,..
P, ”
The same upper bound 2 - (t — h+ 1) + ¢ was inferred in [30] by an incomplete
technique based on several inference rules and linear programming solvers. In

contrast, Thm. 21 allows us to read off such bounds directly from the program.

Our proof of Thm. 21 in the appendix again uses the connection to random walks
and shows that the classical Lemma of Wald [21, Lemma 10.2(9)] directly yields
both the upper and the lower bound for the expected runtime. Alternatively, the
upper bound in Thm. 21 could also be proved by considering that rdwp(xg) +
(1 — kp) is a ranking supermartingale [1,5,11,14,18] whose expected decrease in
each loop iteration is pp. The lower bound could also be inferred by considering
the difference-bounded submartingale —rdwp(xo) [8,20].

5 Computing Exact Expected Runtimes

While Thm. 10 and 21 state how to deduce the asymptotic expected runtime,
we now show that based on these results one can compute the runtime of CP
programs ezactly. In general, whenever it is possible, then inferring the exact
runtimes of programs is preferable to asymptotic runtimes which ignore the
“coefficients” of the runtime.

Again, we first consider random walk programs and generalize our technique
to CP programs using Thm. 15 afterwards. Throughout Sect. 5, for any random
walk program P as in Def. 12, we require that P is PAST, i.e., that p’ > 0 (cf.
Thm. 10) or that the drift pp is negative if p’ = 0 (cf. Thm. 18). Note that
whenever k = 0 and P is PAST, then p’ > 0.

To compute P’s expected runtime exactly, we use its characterization as the
least fixpoint of the expected runtime transformer £7 (cf. Thm. 9), i.e., 7t is

31f p’ =0 and k = 0 then pp > 0.
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the smallest function f : Z — R> satisfying the constraint
flx) = Zik<j<mpj fla+4)+p - f(d)+1 forall x>0, 3)

cf. (1). Since P is PAST, f never returns oo, i.e., f : Z — R>¢. Note that the
smallest function f :Z — Rx( that satisfies (3) also satisfies

f(z) = 0 forall xz <0. (4)

Therefore, as d < 0, the constraint (3) can be simplified to

fa)y =30 . piflati)+1 forallz>0. (5)

In Sect. 5.1 we recapitulate how to compute all solutions of such inhomogeneous
recurrence equations (cf., e.g., [15, Ch. 2]). However, to compute 7t , the challenge
is to find the smallest solution f : Z — Rx¢ of the recurrence equation (5).
Therefore, in Sect. 5.2 we will exploit the knowledge gained in Thm. 10 and 21 to
show that there is only a single function f that satisfies both (4) and (5) and is
bounded by a constant (if p’ > 0, c¢f. Thm. 10) resp. by a linear function (if p’ = 0,
cf. Thm. 21). This observation then allows us to compute rt? exactly. So the
crucial prerequisites for this result are Thm. 9 (which characterizes the expected
runtime as the smallest solution of the recurrence equation (5)), Thm. 18 (which
allows the restriction to negative drift if p’ = 0), and in particular Thm. 10 and 21
(since Sect. 5.2 will show that the results of Thm. 10 and 21 on the asymptotic
runtime can be translated into suitable conditions on the solutions of (5)).

5.1 Finding All Solutions of the Recurrence Equation

Ezample 23 (Modification of P'™ ). To illustrate our ap-

proach, we use a modified version of P'%% from Ex. 14 to ease while (2 > 0) 6{
readability. In Sect. 6, we will consider the original program r=2+1 [l
P:(‘f;”e resp. Prace from Ex. 14 resp. Ex. 1 again and show its | T =T [%L
exact expected runtime inferred by the implementation of our | © =1z — 1 [%] ;
approach. In the modified program 7?;’;;’3 on the right, the | , _ .. 9 [ % I;
distance between the tortoise and the hare still increases with }

probability %, but the probability of decreasing by more
than two is distributed to the cases where it stays the same and where it decreases
by two. We have p’ = 0 and the drift is fipmod :1~%+0~ﬁ71~2—1272~%:

mod
~3 < 0. So by Thm. 18, P is PAST. By Thm. 9, rt, = is the smallest

race

function f : 7Z — R>q satisfying
fl@) = & fla+)+3 f(@)+ 5 f(e—1)+5 flx—2)+1 for allz > 0. (6)

Instead of searching for the smallest f : Z — R>q satisfying (5), we first calculate
the set of all functions f : Z — C that satisfy (5), i.e., we also consider functions
returning negative or complex numbers. Clearly, (5) is equivalent to

0 =pm fle+m)+...+p1-flz+1)+(po—1) fz) + ™)
por-fla—D+...+p_p-flea—k)+1 for all z > 0.
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The set of solutions on Z — C of this linear, inhomogeneous recurrence equation
is an affine space which can be written as an arbitrary particular solution of the
inhomogeneous equation plus any linear combination of k+m linearly independent
solutions of the corresponding homogeneous recurrence equation.

We start with computing a solution to the inhomogeneous equation (7). To
this end, we use the bounds for 7% from Thm. 10 and 21 (where we take the

upper bound 1% if p’ > 0 and the lower bound —l%p -z if p = 0). So we define

Cleonst = z%’ ifp’>0 and Clin = 71%7), if p' = 0.
One easily shows that if p’ > 0, then f(z) = Ceons: is a solution of the inhomo-
geneous recurrence equation (7) and if p’ = 0, then f(z) = Cy;y, - @ solves (7).

Example 24 (Ex. 23 cont.). In the program Pm%¢ of Ex. 23, we have p' = 0 and
Upmod = f%. Hence Cy;p, = 2—32 and Cj;y, - x Is a solution of (6).

race

After having determined one particular solution of the inhomogeneous recurrence
equation (7), now we compute the solutions of the homogeneous recurrence
equation which results from (7) by replacing the add-on “+ 1”7 with 0. To this
end, we consider the corresponding characteristic polynomial xp:*

XP(A) =P AT 4 N e (o — 1) A o AT L pk (8)

Let A1, ..., A denote the pairwise different (possibly complex) roots of the cha-
racteristic polynomial xp. For all 1 < j <¢, let v; € N\ {0} be the multiplicity
of the root ;. Thus, we have vy + ... +v. =k +m.

Then we obtain the following k + m linearly independent solutions of the
homogeneous recurrence equation resulting from (7):

/\;”x“ foralll1<j<candall0 <u<v; -1

So f:Z—C is a solution of (5) (resp. (7)) iff there exist coefficients a;,, € C with
fl@) = Cloy+ > Zogugvrlaj,u-xy ot forallz > —k,  (9)

where C(x) = Ceonst = 1% if p >0and C(z) = Clp -1 = *ﬁ -z if p’ = 0. The
reason for requiring (9) for all > —k is that —k + 1 is the smallest argument
where f’s value is taken into account in (5).

Ezample 25 (Ex. 24 cont.). The characteristic polynomial for the program P™°%
of Ex. 23 has the degree k +m = 2+ 1 = 3 and is given by
Xpgge (V) = 11 A= 11 N4 g A+ 5
YT m =0 then xp(\) = (po—1)- A +p_ 1 - N+ ...+ p s, and if k = 0 then
XP(A) =pm - A" + ...+ p1- A+ (po — 1). Note that pg # 1 since P is PAST and in

Def. 12 we required that m > 0 implies p,, > 0 and k > 0 implies p_; > 0. Hence,
the characteristic polynomial has exactly the degree k 4+ m, even if m =0 or k = 0.
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Itsroots are A\y = 1, Ay = —%, and \3 = %. So here, all roots are real numbers and
they all have the multiplicity 1. Hence, three linearly independent solutions of the
homogeneous part of (6) are the functions 1% = 1, (—4)*, and ()*. Therefore, a
function f : Z — C satisfies (6) iff there are ay,as,as € C such that

f(@) = Cuin-w4ar-1"+az- (—3)"+az- (§)" (10)
:%'$+a1+a2'(—%)’”+a3-(%)x for 7> —9.

5.2 Finding the Smallest Solution of the Recurrence Equation

In Sect. 5.1, we recapitulated the standard approach for solving inhomogeneous
recurrence equations which shows that any function f : Z — C that satisfies
the constraint (5) is of the form (9). Now we will present a novel technique to
compute 7t7, i.e., the smallest non-negative solution f : Z — R>¢ of (5). By
Thm. 10 and 21, this function f is bounded by a constant (if p’ > 0) resp. linear
(if p" = 0). So, when representing f in the form (9), we must have a;, = 0
whenever |A;| > 1. The following lemma shows how many roots with absolute
value less or equal to 1 there are (i.e., these are the only roots that we have
to comnsider). It is proved using Rouché’s Theorem which allows us to infer the
number of roots whose absolute value is below a certain bound. Note that 1 is a

.. 1. ;) . =1 —
root of the characteristic polynomial iff p’ = 0, since Z—kgjgm p;=1-p.

Lemma 26 (Number of Roots With Absolute Value < 1). Let P be
a random walk program as in Def. 12 that is PAST. Then the characteristic
polynomial xp has k roots A € C (counted with multiplicity) with |A] < 1.

Ezxample 27 (Ex. 25 cont.). In P™°% of Ex. 23 we have k = 2. So by Lemma 26,
xp has exactly two roots with absolute value < 1. Indeed, the roots of xp are
M =1, =—1% and A3 =1, cf Ex. 25. So |As| > 1, but [A;| <1 and |[As] < 1.

Based on Lemma 26, the following lemma shows that when imposing the restric-
tion that a;, = 0 whenever |\;| > 1, then there is only a single function of the
form (9) that also satisfies the constraint (4). Hence, this must be the function
that we are searching for, because the desired smallest solution f : Z — Rx¢ of
(5) also satisfies (4).

Lemma 28 (Unique Solution of (4) and (5) when Disregarding Roots
With Absolute Value > 1). Let P be a random walk program as in Def. 12
that is PAST. Then there is exactly one function f : 7 — C which satisfies both
(4) and (5) (thus, it has the form (9)) and has a;j, = 0 whenever |A;| > 1.

The main theorem of Sect. 5 now shows how to compute the expected runtime
exactly. By Thm. 10 and 21 on the bounds for the expected runtime and by
Lemma 28, we no longer have to search for the smallest function that satisfies
(4) and (5), but we just search for any solution of (4) and (5) which has a;, =0
whenever |\;| > 1 (because there is just a single such solution). So one only has
to determine the values of the remaining k coefficients a;,, for |A;| < 1, which
can be done by exploiting that f(z) has to satisfy both (4) for all z <0 and it
has to be of the form (9) for all # > —k. In other words, the function in (9) must
be 0 for —k+1<x <0.
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Theorem 29 (Exact Expected Runtime for Random Walk Programs).
Let P be a random walk program as in Def. 12 that is PAST and let Ay, ..., A be
the roots of its characteristic polynomial with multiplicities vy, ...,v.. Moreover,
let C(x) = Ceonst = % if ' >0 and C(z) = Clip -z = —ﬂ% -z if p' =0. Then

the expected runtime of P is rt” =0 for x <0 and

P x u
rt.. = C(x) + E E Aiy A5 T orxz >0
z (@) 1<j<e, |A;1<1 0<u<v;—1 % 77 f ’

where the coefficients a;,, are the unique solution of the k linear equations:
= D SR A — <z <
0 = C@HD ey Dpcun,y W@ for—k+1<z<0 (11)

So in the special case where k = 0, we have rtf =C(z) = Ceonst = z% for x > 0.

Thus for x > 0, the expected runtime rtf can be computed by summing up the

bound C(z) and an add-on Z

E ... Since C(x) is an
1<5<e, [A;1L1 0<u<v;—1

upper bound for th if p’ > 0 and a lower bound for rtf if p’ = 0, this add-on is
non-positive if p’ > 0 and non-negative if p’ = 0.

Ezample 30 (Ez. 27 cont.). By Thm. 29, the expected runtime of the program
mod
prod fom Ex. 23 is rtfr"'““ =0 for x <0 and

race

mod
rthrace = Z.z+a+ay (—3)° forz>0, cf (10).

The coefficients a1 and as are the unique solution of the k = 2 linear equations

OZ%'O—FG&%—GQ'(—%)O:(M—FGQ
0=2-(-D+a+a- (-3 "'=-F+a-2a
mod

P
22 ay=—2 and hencerty > = £ x4+ 2 - 2. (=1)" forz > 0.

So a; = 5 5

By Thm. 15, we can lift Thm. 29 to arbitrary CP programs P immediately.

Corollary 31 (Exact Expected Runtime for CP Programs). For any
CP program, its expected runtime can be computed exactly.

Note that irrespective of the degree of the characteristic polynomial, its roots
can always be approximated numerically with any chosen precision. Thus, “exact
computation” of the expected runtime in the corollary above means that a closed
form for rtf can also be computed with any desired precision.

Ezample 32 (Ezact Expected Runtime of Pgirect). Reconsi-
der the program Pg; ec: of Ex. 11 with the probability p’ = % =241 [2]
for direct termination. Pgjrect 1s PAST and its expected run- B 10
time is at most i = 10, ¢f. Ex. 11. The random walk | © =0 [15]

}

while (z > 0) {

=

)
)

=

program P5&% . on the right is obtained by the transforma-
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rdw
tion of Def. 13. As k = 0, by Thm. 29 we obtain phdireet — 1% =10 for z > 0.
rdw
By Thm. 15, this implies rtZ‘%“‘ = rtfd‘mj:zrect ey = 10 if rdwp,, . (t,h) =

t—h+1>0,ie., 10 is indeed the exact expected runtime of Pgirect-

Note that Thm. 29 and Cor. 31 imply that for any xg € Z", the expected
runtime rtl:)o of a CP program P that is PAST and has only rational probabilities
Deys- -5 Pe,,P € Q is always an algebraic number. Thus, one could also compute
a closed form for the exact expected runtime rtf using a representation with
algebraic numbers instead of numerical approximations.

Nevertheless, Thm. 29 may yield a representation of rtf which contains
complex numbers a;, and A;, although 7“tzcJ is always real. However, one can
easily obtain a more intuitive representation of rtf without complex numbers:

Since the characteristic polynomial xp only has real coefficients, whenever
xp has a complex root A of multiplicity v, its conjugate X is also a root of

xp with the same multiplicity v. So the pairwise different roots Aq, ..., A; can
be distinguished into pairwise different real roots Aq,..., As, and into pairwise
different non-real complex roots Asy1, As+1,-- -, Astt, Astt, Where c = s+ 2 - t.

For any coefficients a; ., a},, € Cwithj € {s+1,...,s+t} andu € {0,...,v;—
1} let bj = 2-Re(aju) € Rand b}, = —2-Im(a;.) € R. Then aj, - A +aj, -

Aj = bju-Re(A]) + b}, - Im(\}). Hence, by Thm. 29 we get the following
representation of the expected runtime which only uses real numbers:

C(x) + Z Z jou - Aj - x”

1<5<s, [Aj|<1 0<u<v;—1
P
rty = + Y ST (bjuRe(A]) + ) Im(A])) - ¥, for & > 0 (12)
s+1<j<s+t, [A;]<1 0<u<v;—1
0, for x <0

To compute Re(A7) and Im(A7), take the polar representation of the non-real

roots \; = w; - %%, Then Re(A\}) = wj - cos(0; - ¥) and Im(A\}) = w} - sin(0; - ).
Therefore, we obtain the following algorithm to deduce the exact expected

runtime automatically.

Algorithm 33 (Computing the Exact Expected Runtime). To infer the
runtime of a CP program P as in Def. 12 that is PAST, we proceed as follows:

1. Transform P into P™" by the transformation of Def. 13. Thus, P™" is a
random walk program as in Def. 12.

2. Compute the solution C(x) = Ceonst = 1% resp. C(z) = Clip - & = ——+

Hprdw

of the inhomogeneous recurrence equation (7).
3. Compute the k +m (possibly complex) roots of the characteristic polynomial
Xpraw (cf. (8)) and keep the k roots A with || < 1.
Determine the coefficients aj,, by solving the k linear equations in (11).
Return the solution (12) where b;,, = 2-Re(a;y), b, = —2-Im(a; ), and for
A =wj €% we have Re(A]) = wj - cos(0; - ¥) and Im(A\}) = wy
Moreover, © must be replaced by rdwp(x).

Siia

ju
-sin(0; - ).
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6 Conclusion, Implementation, and Related Work

We presented decision procedures for termination and complexity of classes of
probabilistic programs. They are based on the connection between the expected
runtime of a program and the smallest solution of its corresponding recurrence
equation, cf. Sect. 2. For our notion of probabilistic programs, if the probability
for leaving the loop directly is at least p’ for some p’ > 0, then the program is
always PAST and its expected runtime is asymptotically constant, cf. Sect. 3.
In Sect. 4 we showed that a very simple decision procedure for AST and PAST
of CP programs can be obtained by classical results from random walk theory
and that the expected runtime is asymptotically linear if the program is PAST.
Based on these results, in Sect. 5 we presented our algorithm to automatically
infer a closed form for the ezact expected runtime of CP programs (i.e., with
arbitrarily high precision). All proofs and a collection of examples to demonstrate
our algorithm can be found in the appendix.

Implementation. We implemented Alg. 33 in our tool KoAT [10], which was al-
ready one of the leading tools for complexity analysis of (non-probabilistic) integer
programs. The implementation is written in OCaml and uses the Python libraries
MpMath [22] and SymPy [29] for solving linear equations and for finding the roots
of the characteristic polynomial. In addition to the closed form for the exact
expected runtime, our implementation can also compute the concrete number of
expected loop iterations if the user specifies the initial values of the variables.
For further details, a set of benchmarks, and to download our implementation,
we refer to https://aprove-developers.github.io/recurrence/.

Ezample 34 (Computing the Ezact Expected Runtime of Prace Automatically).
For the tortoise and hare program Ppqc. from Ex. 1, our implementation in KoAT
computes the following expected runtime within 0.49 s on an Intel Core i7-6500
with 8 GB memory (when selecting a precision of 2 decimal places):

rfrEee = 0.049-0.650 " sin (2.8 (¢ — h+1)) — 0.35-0.65¢ 7"V cos (2.8 (t — h + 1))
40.15 - 0.66 "D . gin (2.2 (t — h 4+ 1)) — 0.35 - 0.66 " TV . cos (2.2 (t — h + 1))
4+0.3- 0.7 MY gin (1.5 (¢ —h +1)) —0.39- 0.7 HD L cos (1.5 (t — h + 1))
40.62-0.75¢7" D gin (0.83 - (£ — h + 1)) — 0.49 - 0.75 7" D . 005 (0.83 - (£t — h + 1))
+2-(t—h) + 2.3

So when starting in a state with t = 1000 and h = 0, according to our implemen-
tation the number of expected loop iterations is rtﬁ%ﬁo) = 670.

Related Work. Many techniques to analyze (P)AST have been developed,
which mostly rely on ranking supermartingales, e.g., [1,5,11,13,14, 18,20, 28, 30].
Indeed, several of these works (e.g., [1, 5, 18,20]) present complete criteria for
(P)AST, although (P)AST is undecidable. However, the corresponding automation
of these techniques is of course incomplete. In [14] it is shown that for affine
probabilistic programs, a superclass of our CP programs, the existence of a linear
ranking supermartingale is decidable. However, the existence of a linear ranking
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supermartingale is sufficient but not necessary for PAST or an at most linear
expected runtime.

Classes of programs where termination is decidable have already been studied
for deterministic programs. In [35] it was shown that for a class of linear loop pro-
grams over the reals, the halting problem is decidable. This result was transferred
to the rationals [6] and under certain conditions to integer programs [6,19,31].
Termination analysis for probabilistic programs is substantially harder than for
non-probabilistic ones [23]. Nevertheless, there is some previous work on classes
of probabilistic programs where termination is decidable and asymptotic bounds
on the expected runtime are computable. For instance, in [7] it was shown that
AST is decidable for certain stochastic games and [12] presents an automatic
approach for inferring asymptotic upper bounds on the expected runtime by
considering uni- and bivariate recurrence equations.

However, our algorithm is the first which computes a general formula (i.e., a
closed form) for the exact expected runtime of arbitrary CP programs. To our
knowledge, up to now such a formula was only known for the very restricted
special case of bounded simple random walks (cf. [17]), i.e., programs of the
form on the right for some 1 > p > 0 and some b € Z. | 1116 (b>z>0){
Note that due to the two boundary conditions z >0 and | , _ . 4 );

b > x, the resulting recurrence equation for the expected

runtime of the program only has a single solution f: Z — |.* =~ ¥~ 1 [-pl;
R>( that also satisfies f(0) = 0 and f(b) = 0. Hence, }
standard techniques for solving recurrence equations suffice to compute this
solution. In contrast, we developed an algorithm to compute the exact expected
runtime of unbounded arbitrary CP programs where the loop condition only has
one boundary condition x > 0, i.e., x can grow infinitely large. For that reason,
here the challenge is to find an algorithm which computes the smallest solution
f 1 Z = R>q of the resulting recurrence equation. We showed that this can be
done using the information on the asymptotic bounds of the expected runtime
from Sect. 3 and 4.

Future Work. There are several directions for future work. In Sect. 4.1 we
reduced CP programs to random walk programs. In future work, we will consider
more advanced reductions in order to extend the class of probabilistic programs
where termination and complexity are decidable. Moreover, we want to develop
techniques to automatically over- or under-approximate the runtime of a program
P by the runtimes of corresponding CP programs P; and Ps such that rtzc)l <
rt? < rt2? holds for all & € Z". Furthermore, we will integrate the easy inference
of runtime bounds for CP programs into existing techniques for analyzing more
general probabilistic programs.
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Appendix

This appendix contains a collection of examples to demonstrate the application
of our algorithm in App. A and all proofs (in App. B-E).

A Case Studies

In this section, we demonstrate our approach for the computation of the exact
expected runtime on further examples.

Ezample 35 (Example with Direct Termination and Non-Constant Ezact Run-
time). As an example with p’ > 0 where the exact expected runtime is not
constant, consider the following program P.

while (z > 0) {
z=z+1 [g];
r=r B
r=z—1 [i];
r=0  [g;

}

The characteristic polynomial is xp(\) = % - A2 — 1A+ 1. It has the k + m =
1+ 1 =2 roots 24+ V2. So the only root with absolute value < 1 is 2 — v/2. By
Thm. 29 we obtain 7‘tzﬁD =0 for x <0 and

rt? =8 +ay-(2—V2)" forxz>0.

Here, a; is the unique solution of the linear equation 0 = 8+ ay - (2 — \/5)0 00 =
8 + ay, i.e., a; = —8. So for x > 0 we have

rth =8 -8 (2—2)7,
i.e., here the negative add-on —8 - (2 — \/5)“C is added to the upper bound 8.

Ezample 36 (Example with Complex Roots). To show that complex roots are
indeed possible, we apply Alg. 33 to the following program P, where p’ = 0 and

pp = —32. Thus, Cin, = 33 and C(z) = 33 - x.
while (z > 0) {
r=z+1 [%L
r=x [%]’
r=z-1 [é%};
T=x—2 [%L
rT=x—3 [ik
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The characteristic polynomial xp(\) has the roots 1, 3, and the two complex
roots %\/‘;’Z Hence, the k = 3 roots with absolute value < 1 are 1 and %ﬁ”
By Thm. 29 we obtain the following general solution:

fl@)=3 z+4a+as- (*12\/§i)”+a3~(’1%\/§i)‘” for x > =3

The coefficients a1, az, a3 are determined by the three linear equations 0 = f(x)

for =2 < x < 0, cf. (11). They have the unique solution ay = %, ay =

19609 139 V34, and az = —% + % -V/34. Thus, by = 2-Re(ag) = —m,Qand
T .

by = —2-Im(az) = ﬁ \[ The polar representamon of A = 1';‘/§Z is2-e3 "
Hence, Re(X") = (2)" - cos(3F - z) and Im(X”) = (2)” - sin(3f - z). Thus, we get
rt? =0 for x <0 and for x >() we have
P 180 _ 180 . (2)® 27 4 2\ 27
rty =35 o+ e — 1oe - (3)" cos (B -2) + g5 V3 (3)" sin (5 ).

Ezample 37 (Example with Root of Higher Multiplicity). As an example where
the characteristic polynomial has a root with multiplicity greater than 1, consider
the following program P.

while (z > 0) {

r=z+1 [%],
=z [7);

r=x—1 [3—35],
r=x—2 [=];
r=z-3 [35);

}

We use the approach of Alg. 33 to infer the exact expected runtime. Step 1 is not
necessary, since we already have a random walk program.

2. We have p' =0, up = —1=, and thus, Cy;, = 12

3. The characteristic polynomial has the degree k +m = 3+ 1 = 4 and is given
by xp(A) = 2 AT = 2. X3+ 2. \*+ L. X+ Z. It has the roots A\; = 1 with
multiplicity 1, Ao = ¢ with multiplicity 1, and A3 = —% with multiplicity 2.
Hence, the three roots with absolute value < 1 are 1 and —% with multiplicity
2. As proved in Lemma 26 we have 1 4+ 2 = 3 = k such roots counted with
multiplicity.

4. By Thm. 29, the general solution is

fl@)=12 2 +aio+az ()" +as1 -z (—1)" forz > -3,

The coefficients a9, a2,0, and a1 are determined by the following linear
equations, cf. (11):

0= f(0) =a1,0+azp

=f(-1) =12 +ai0—5-as0+5-az:
=f(-2)= -2 +a10+25-a20— 50 az;
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They have the unique solution a;o = %, a0 = —%, and az; = —%.
Hence, rtf =0 for x <0 and for x > 0 we have
P o_ 175, 4 175 _ 175 (_1yo _ 35 .. (_lyz
Tty = 32T+ 35 56 (—5) v (—5)"

Ezample 38 (Negative Binomial Loop from [28, Sect. 5.1]). Consider the following
program P from [28, Sect. 5.1].

while (z > 0) {
r=2x [

(SIS

r=xv-1 [

}
The drift of this program is pup = —% < 0 and by Thm. 18 we can conclude that
the negative binomial loop is positive almost surely terminating. Furthermore,

as k = 1 and m = 0 we obtain that the expected runtime 7t of this program
satisfies 2 - x < rtf < 2.z for all x > 0 by Thm. 21, i.e.,

P 2-x, ifzx>0
rt, = .
0, ifx <0

So with our approach, the expected runtime of this example can be determined
with clearly less effort than with the technique presented in [28]. On the other
hand, the reasoning of [28] can be applied to arbitrary probabilistic programs
which may even include non-determinism.

Ezample 39 (Symmetric Random Walk). Consider the following program P.
while (z > 0) {

z=x+1 [3];
r=x—1 [%],
}
11

One easily calculates the drift yp = 5 — 5 = 0. So by Thm. 18 we immediately
obtain the well-known result that this program is almost surely terminating but
not positive almost surely terminating, i.e., the expected runtime is infinite.

Ezample 40 (Example with Irrational Runtime from [14, Ex. 5.1]). Consider the
following program P which was presented in [14, Ex. 5.1] to show that expected
runtimes can be irrational.

while (z > 0) {
r=x+1 [
r=x—2 [

}

Its drift is up = % 1+ % -(=2) = f% < 0, so by Thm. 18 this program is indeed
PAST. As k = 2, we obtain the following bounds on the expected runtime by

Thm. 21 for any positive initial value z > 0:

2-x<rth <2.2+2
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The characteristic polynomial of this program is xp(z) = % - 2® —2® + 1. It has

the three roots 1, 1+T\/57 and % So the k = 2 roots of absolute value < 1 are

1 and 1_2—‘/5 By Thm. 29, the general solution is
flz)y=2-z+a +a2~(1_T\/5)$ for x > —2.
The coefficients a1 and ay are determined by the following equations:

0:f(0):a1+a2
0=f(—1)=—2+a1+a2~1%\/5

They have the unique solution a1 = 3 — V5 and as = V5 —3. Hence, we infer the
following exact expected runtime for x > 0:

th:2-:6—1—3—\/5-1-(\/5—3)-(1_2\/5)"”

So in particular, rt] = 1+ /5. The expected runtime obtained in [14, Ex. 5.1] is
slightly different (they obtain 2 - (5 + V/5)), because [14] counts the number of
executed statements whereas we count loop iterations.

Ezample /1 (Example from [30, Sect. 8.1]). Consider the following program P.
It was used in [30, Sect. 3.1] to show how one can infer the expected runtime of
a probabilistic program by solving a recurrence equation. However, the authors
of [30] conclude that recurrence equations are not well suited for runtime analyses,
while our paper shows that for CP programs, an automated runtime analysis
based on recurrence equations is feasible.

while (xz > 0) {
r=x+1 [

r=x—1

I[N

}

Its drift is up = i 1+ % (=1 = —% < 0, so by Thm. 18 this program is indeed
PAST. By Thm. 21, we can infer the following bounds on the expected runtime
for any positive initial value x > 0:

2.2 <rth <2-2.

Hence, in this example we can directly conclude that for any x > 0 the expected
runtime is rtf = 2 -z, without having to solve the corresponding recurrence
equation with Thm. 29 resp. Alg. 33.

B Proofs for Sect. 2

We begin with introducing some auxiliary definitions that will be needed in the
proofs. To define the run of a program, we use the “Kronecker-Delta” where for
any y,z € Z" with y # z we have 0y , = 0 and 0y 4 = 1.



22 J. Giesl, P. Giesl, and M. Hark

Definition 42 (Run of a Program). For any program P as in Def. 2, a
run is an infinite sequence (zg,21,22,...) € (Z")” and a prefix run is a finite
sequence (zo,21,...,%;) € (Z")*Y for some j € N. For a prefix run =, its
cylinder set C’ylzr(w) C(Z")“ consists of all runs with prefix w.

For any initial value oy € 7" of the program variables, we define a function pijo
that maps any prefix run 7 to its probability (i.e., 0 < prfo () <1). Thus, for
any prefiz run (2o, 21,. .., 2;), let prfo(<zo)) = 0o,z 0nd if 7 > 1, we define:

- P (20,5 25-1)) - (P2;—2, 4 (Z5-1) + 0z;.d- P (2j-1)),
prwo(<Z0,...,Zj>)= ifaezj_1 >b
PTZ;«ZO, ceyZjo1)) - Oz, 1,255 ifaez;_1 <b

Ezample 43 (Run in Preee). For Proce from Ex. 1 and a start configuration
where the tortoise is 10 steps ahead of the hare (e.g., ¢y = (11,1)), the prefix

run ((11,1), (12, 1), (13,6)) has the probabi]jtyprg”“l‘fiej (((11,1),(12,1),(13,6))) =

d1,1),(11,1) ~ Pz, —1,1) (11, 1) - pas,e)—12,1)(12,1) = p(1,0y(11,1) - p1 5y (12, 1) =
% . % = % So we take into account whether the prefix run starts with
xo = (11,1) and multiply the probability to get from x = (11,1) to = (12,1)

with the probability to get from & = (12,1) to © = (13,6).

In our setting, we regard a measurable space ({2, §) where (2 is the set of runs
(Z")* and we want to measure the probability that a run starts with a certain
sequence 7 of numbers. So we regard the smallest o-field 3% that contains all
cylinder sets Cyl% () for all prefix runs 7. Moreover, we consider the probability
space ((Zr)“’,SZT,PEO). Here, the probability measure ]Pﬂ;O for a program P is
defined such that the probability that a run is in Cyl” (7) is the probability

prfo () of the prefix run .

Definition 44 (Probability Measure for a Program). For any program
P as in Def. 2 and any xg € 7", let PZZO :§% = [0,1] be the unique probability
measure such that we have Pfo(CylZ' (7)) = prl (m) for any prefiz run .

Ezample 45 (Probability Measure for Prace ). Cylzz(«ll, 1),(12,1),(13,6))) con-
sists of all runs that start with (11,1), (12,1), (13,6). If the initial value is

@y = (11,1), then the probability that a run is in Cyl” (((11,1), (12,1), (13,6)))
is

LA (Cyl™ (((11,1), (12, 1), (13,6)))) = pris (((11,1),(12,1), (13,6))) = 53y

Now we introduce a stochastic process X% (i.e., a family of random variables
X ]-Z ) which corresponds to the values of the program variables during a run.

Definition 46 (Stochastic Process X%'). For r>1, let X% = (X]-Zr)jeN
where X]-ZT: VA - Z" is defined as XJ-ZT(<z0,...,zj,...>) = z;, i.e., when
applied to a run, XjZ returns the values of the program variables after the j-th
loop iteration.
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So XZ'(((11,1),(12,1),...)) = (11,1) and X7 (((11,1),(12,1),...)) = (12, 1).

Using X%, the termination time of a program (cf. Def. 3) can also be defined
as TP (r) =inf{j €N | a e XJ»Zr(W) < b} for any 7 € (Z")”. As shown in Def. 4,
the termination time is needed to define the expected runtime of a program. We
first prove that if the initial values x( violate the loop guard, then the expected
runtime is trivially 0.

Corollary 6 (Expected Runtime for Violating Initial Values). For any
program P as in Def. 2 and any xg € Z" with a e ¢y < b, we have rtfo =0.

Proof. We have PL (XF" = x0) = PL (X5)"'({zo})) = PL (Cyl” (z0)) =
prh (®0) = 6zy,z, = 1. Thus, for zo with a e o < b, we obtain IP’ZEDD (T? =0) =
P;Do(a e XF <b) < ]P’ZEDO (XZ" = xp) =1 and hence tho = IE;DO (T7) =0. O

To prove Thm. 9 we show how to translate any probabilistic program into a
Markov Decision Process (MDP) and then reuse existing corresponding results
for MDPs [32]. In this section we recapitulate the needed concepts for MDPs
and after the introduction of any concept, we show how it is related to the
corresponding notions for probabilistic programs.

We consider infinite time horizon MDPs, where we restrict ourselves to determin-
istic MDPs without final states, i.e., to Discrete Time Markov Chains (DTMCs).
So there is one unique action for every state of the MDP.

Definition 47 (Discrete Time Markov Chain). A Discrete Time Markov
Chain (DTMC) without final states M = (S, P,rew) consists of the following
components:

e S is a set of states.
e P:S8x8 —10,1] is a transition probability function such that for all states
h P " =1.
s€S we avé ZS’GS (s,8") '
o rew: S — R is the reward function.

Def. 48 shows how to translate any probabilistic program P to a corresponding
DTMC Mp. This is possible for our notion of probabilistic programs, because
the values of the program variables only depend on their values in the previous
loop iteration. To ease notation, let the probabilities p.(x) be constant zero for
all ce Z"\ {e1,...,cn}.

Definition 48 (Translating Probabilistic Programs to DTMCs). Let P
be a program as in Def. 2. Its corresponding DTMC Mp = (S, P,rew) is given
by

e S=7"

o For states satisfying the loop guard, the probability function P is induced by

the probabilities pe;, and for states that do not satisfy the loop guard, the
probability to remain in the state is 1:

A ps/—s(s) +6s’,d ~p/(8), ifa’. s>b
P@”)—{@y, ifaes<b
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L 1, ifa >b
e The reward function is given by rew(s) = Z,f *°
0, ifaes<bd
For a DTMC M = (S, P,rew) and each initial state &y € S, we examine
a stochastic process X° using a probability measure IPQ;[ for the measurable

space (S*,F%). The definitions of §F°, IP’;:\;!, and X are generalizations of the
corresponding definitions from Sect. 2 to arbitrary state spaces.
Moreover, instead of (prefix) runs we now regard histories resp. sample paths

and instead of the probability prf , of a run with the initial variable assignment
xy we regard the probability pr% of a sample path with the initial state xq.

Definition 49 (Probability Measure for a DTMC). Let M = (S, P,rew)
be a DTMC.

e A sample path is an infinite sequence (so, s1, 82,...) € S* and a history is
a finite sequence (so,s1,...,5;) € ST for some j € N. The cylinder set
C’yls(ﬂ') of a history m consists of all sample paths with prefiz w.

. SIT 5 [0,1] is the function that maps
J

any history (so, ..., s;) to its probability if xo is the initial state. Thus, let
pr%((s@) = 0g0,5, and if j > 1, we define:

e For any xog € S, pré\;l :

prﬁg(@o,n-,sﬁ) ZPT;{-\S(<30,~--,SJ'—1>) “P(sj-1,85)

e The (canonical) measurable space for a DTMC is (S%,§°), where §° is the
smallest o-field containing all cylinder sets Cyls(w) for all histories .

e For any xo € S, the probability measure pré\o/l : §° — [0,1] for the DTMC
M and the initial state xg is the unique probability measure such that for
any history ™ we have P%(Oyl‘g(ﬂ)) = prﬁf (7).

e The stochastic process XS = (XJ‘-S)jeN is defined as XJ‘-S : §Y — S, where
X}S(SQ,...7SJ',...) = Sj.

The following corollary shows that for any probabilistic program P, the
probability spaces for P and for its corresponding DTMC Mp are the same.

Corollary 50 (P and Mp Have the Same Probability Measure). For
any program P as in Def. 2 and its corresponding DTMC Mp, the corresponding
probability spaces are the same. So in particular, we have IP’;DO = P’m\jp for any
xy €L

Proof. By Def. 48 and 49, the measurable space for Mp is ((Z")“, SZT), which
is also the measurable space for P. Moreover, Def. 49 implies prfﬂ = pr;\g” and

thus, PZZO = ]P’Q;“’ for any xg € Z". O

For DTMCs, one is interested in the expected total reward. For a DTMC M =
(S, P,rew) and the stochastic process X, the expected total reward maps any

initial state so € S to the expected value of Z N rew(X]‘S) under the probability
J
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measure ]P’é\;l (if this expected value exists). Note that if rew(s) > 0 for all s € S,

then the sum Z - rew(Xj‘-S) : S¥ — R>y is a non-negative® random variable.
i >

Hence, its expected value under the probability measure Pﬁf is well defined. In
particular, this holds for the DTMCs Mp corresponding to programs P, because
for any run m = (zg, z1,...) € (Z")*, rew(XjZT(w)) = rew(z;) is 1 if the j-th
tuple z; in the run does not violate the loop condition aez; > b and 0, otherwise
(i.e., rew(z) € {0,1} for all z € Z").

Definition 51 (Expected Total Reward). Let M = (§,P,rew) be a
DTMC. For any sy € S, the expected total reward tr?j € RU{—o0,0} of
M is

trM = lim E;\f Z rew(X?)

50 u—00 J
0<j<u

whenever this limit exists in R U {—o0,00}. As argued above, the limit always
exists in the special case of non-negative rewards. Therefore, in the case where
rew(s) € {0,1} for all s € S, we have

M M S
try, = Z u - P (Z rew(Xy) = u).
ueN JEN
The following lemma shows the connection between the termination time and

the total reward of a run. In the following, we say that a run m = (zg, z1,...) is
constant on violating states if a @ z; < b implies z; = z;4, for all j € N.

Lemma 52 (Total Reward is Termination Time). Let P be a program
as in Def. 2. For every run m that is constant on wviolating states, we have

Z]EN rew(X¥ (r)) =17 (7).

Proof. First, we show that the equality holds for runs = = (2, 21,...) where
TP(r) =u < 00. So aez; > b for all j < u and since 7 is constant on violating
states, we have a  z; < b for all j > u. Here we obtain

Z rew(XjZT (m)) = Z rew(z;)

jJEN JEN

Y 1+>0

0<j<u j>u

=u
= TP(<20721, .. >)
=717 (x).
® The non-negativity of rew ensures that the infinite sum of all rew(Xf) is a value

in R>o. In contrast, if we have positive and negative rewards, then the infinite sum
might diverge and neither converge to —oo nor to co.
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Now we consider a run m = (2q, 21, ...) such that T7 (1) = oo, i.c., a®z; > b
for all 7 € N. Then we have

Z rew(Xer (m)) = Z rew(z;)

jEN jEN

= TP (m). O

With Cor. 50 and Lemma 52 we can show that the expected runtime of a program
P is identical to the expected total reward of its corresponding DTMC Mp.
This is the crucial theorem which allows us to apply results on DTMCs also for
probabilistic programs.

Theorem 53 (Expected Total Reward is Expected Runtime). For any
program P as in Def. 2, the expected runtime of P and the expected total reward

of the corresponding DTMC Mp are the same, i.e., for any xg € Z" we have
rtli = tr%”.

Proof. Due to Def. 51 we have trM” = Z _u-PMP(A,), where A, = {1 €
u€eN 0
(Z")“ | Z rew( XZ (7)) = u}. Note that pr;}g” (m) = 0 if 7 is not constant

on v1olat1ng states. Thus, P/m\g” (A,) = P27 (Al) where
={re(Z")" | Z rew(X? (x)) = u and 7 is constant on violating states}
={re(Z")" | TP( ) u and 7 is constant on violating states} by Lemma 52.
Hence, we obtain
tr;\;”’ = Zu IP’Mp (A)
u€EN

= Zu PZ (A,) by Cor. 50.
u€N

Note that prf0 () = 0 if 7 is not constant on violating states. Thus, IP’Z;O (Al) =
P _ r\w P —
Py, (A7) where A7) = {m € (Z")* | T" (7) = u}. So we get
tr;\;”’ = E u - }P’P (A7)

ueEN

=Y u-Ph(T7 = u)

u€N
=Eg, (T7)

= TthO . ]
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Now we introduce the transformer £ that is used for DTMCs and corresponds to
the expected runtime transformer for probabilistic programs. In the following,
we restrict ourselves to DTMCs with non-negative rewards to ensure that the
expected total reward exists.

Definition 54 (LM, cf. [32, Eq. 7.1.5]). Let M = (S, P,rew) be a DTMC
with only non-negative rewards. We define the mapping L™ : (§ = R5,) —
(§ = R>,) such that for every function f : S — R>, and every s € S, we have

LM(F)(s) = rew( +ZP88 (s').

s'eS

The following corollary shows that the expected runtime transformer £¥ of
a program P is the same as the transformer L7 of the corresponding DTMC
Mop.

Corollary 55 (LM” is Expected Runtime Transformer £7). For any
program P, the expected runtime transformer LT from Def. 7 is identical to the
transformer L7 from Def. 54.

Proof. Let P be a program as in Def. 2 and let Mp = (Z", P,rew). Consider an
arbitrary function f : Z" — R>, and an s € Z". If a e s < b then rew(s) = 0,
P(s,s) =1, and P(s,s’) =0 for s’ # s. Hence

LMP(f)(s) = rew(s) + Z P(s,s")- f(s")
s’eS
— rew(s) + £(s)
=0+ f(s)

If a s > bthen

LMP(f)(s) = rew( +ZP55 (s")

sES
14 Y (osl) + boa 7 (5)) - (5
s'eS
=14+ Z Pe,; () f(s+¢;)+p'(s)- f(d)
1<j<n
— £P(f)(s). 0

Now that we know that the transformers £F and £M7 are the same, we can use
existing results on DTMCs to obtain results for programs P. More precisely, for
any DTMC M = (S, P,rew) with only non-negative rewards, it is known that
the expected total reward function tr'™ : & — Rsq with tr'™(sg) = tr for any
so € S is a fixpoint of M’s transformer £M.

Theorem 56 (Expected Total Reward is Fixpoint). Let M be a DTMC
with only non-negative rewards. Then tr’™ is a fizpoint of LM.



28 J. Giesl, P. Giesl, and M. Hark

Proof. The proof can be found in [32, Thm. 7.1.3]. Note that it requires the
assumption that the expected total reward exists [32, Assumption 7.1.1] which is
ensured by a non-negative reward function. a

Moreover, the expected total reward function is smaller or equal than any
other fixpoint of £ (and than every function f which satisfies the inequality

f =M.

Theorem 57 (Expected Total Reward is Smaller Than Other Fix-
points). Let M = (S, P,rew) be a DTMC with only non-negative rewards
and let there be a function f : S — Rs, such that f > L (f). Then f > trM

Proof. The proof of the finite case, i.e., f(s) < oo for all s € S, can be found
in [32, Thm. 7.2.2]. Note that in our case there is a unique strategy (since we
restrict ourselves to DTMCs) and we have only non-negative rewards. Therefore,
the proof holds for functions f that map to infinity as well. a

Thm. 56 and 57 imply that the expected total reward function tr™ is the least
fixpoint of the transformer £M.

Corollary 58 (Expected Total Reward is Least Fixpoint). Let M =
(8, P,rew) be a DTMC with only non-negative rewards. Then tr'™ s the least
fizpoint of LM, i.e., for any sy € S we have lfp(LM)(s0) = tré‘;‘

The following theorem shows that £ is continuous for any DTMC M with only
non-negative rewards. This is needed to apply Kleene’s Fixpoint Theorem, i.e.,
to show that the least fixpoint of £M is sup{o, LM (0), (£L)?(0),...}.

Theorem 59 (Continuity of £, cf. [32, Lemma 7.1.5.c]). Let M be a
DTMC with only non-negative rewards. Then L™ is continuous.

Proof. Let S = {fo, f1,...} be a chain in § — R>, i.e., we have f; < f;41 for
all j € N. Then (sup S) is the function (supS) : § — R>, with (sup S)(s) =

sup (f;(s)) for all s € S. Therefore, for any s € S we have
jEN

LM (sup S)(s) = rew(s) + ZP (s,8") - (sup S)(s")

s'eS

= rew( +ZP$S sup(fg( s'))

s’eS
= sup | rew(s) + Z P(s,s") - fj(s') | as all operations are linear
jGN s'€S
= sup (LM (f;)(s))
JjEN

= (sup LM(8))(s),

where LM(S) = {LM(fo), LM (f1), ...} O
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Now we can prove Thm. 9 which states that the expected runtime of a program
P is the least fixpoint of its expected runtime transformer £7 and that it can
be obtained as the supremum of {0, £ (0), (£7)?(0),...}. As usual, a function
f:Z" — Rxg is a fizpoint of L7 if L7 (f) = f. Such a fixpoint f is the least
fixpoint of L7 (i.e., f = Ifp(L7)) if f < g for any other fixpoint g of L.

Theorem 9 (Connection Between Expected Runtime and Least Fix-
point of L”, cf. [32]). For any P as in Def. 2, the expected runtime trans-
former LT is continuous. Thus, it has a least fixpoint lfp(ﬁp) 12" — Ry, with
1fp(L7) = sup{o, LT (0), (LT)?(0),...}. Moreover, the least fizpoint of LT is the
expected runtime of P, i.e., for any xo € Z", we have fp(LT)(xo) = rtﬁo.

Proof. By Thm. 53, the expected runtime of P is the same as the expected total
reward of the corresponding DTMC M p. Cor. 58 showed that the expected total
reward is the least fixpoint of the transformer £7, and £7 is the same as
the expected runtime transformer £¥ due to Cor. 55.

As the continuity of £M? = £ was shown in Thm. 59, by Kleene’s Fixpoint
Theorem we have 1fp(L”) = sup{o, LT (0), (£F)?(0),...}. O

C Proofs for Sect. 3

Theorem 10 (PAST and Expected Runtime for Programs With Direct
Termination). Let P be a program as in Def. 2 where there is a p’ > 0 such
that p'(x) > p' for all x € Z" with a e x > b. Then P is PAST and its expected
runtime is at most ﬁ, i.e., rtfo < ﬁ ifaexy>0b, and rt;fo =0ifaexy<h.
Proof. The expected runtime transformer £7 is continuous (and thus, monotonic)
by Thm. 9. Hence, by induction on j one can show that f > LP(f) implies
f > (£7)? (o) for any function f : Z" — R>q and any j € N. So f > L7 (f)
implies f > sup{o, L7 (0), (£7)?(0),...} =1fp(L”). By Thm. 9, this means that
f(x0) > Up(LP) (z0) = rtZEDO for all xy € Z".

Hence, to prove Thm. 10, it suffices to show f > L7 (f) for the function
fiZ" — Rsg with f(z) = 1% ifaex>band f(x)=0ifaex <b.

For x with a e x < b, we have L7 (f)(z) = f(z). If a e x > b, then we get

LP(f)@) = Y pe;(@)- fl@+e)+p () f(d)+1

1<j<n

< Y pey(@) - L +p(x)-0+1

1<j<n
::57. z{: pchB)%fl
1<j<n

— 1=p(=) 1—p/ - 1 _
= < el = 5 = f@ O
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D Proofs for Sect. 4

In this section we present the proofs of Sect. 4. It is divided into three subsections
in which we will give the proofs for the respective subsections of Sect. 4.

D.1 Proofs for Sect. 4.1
To prove Thm. 15, we need an auxiliary lemma.

Lemma 60 (Connections between P and P™"). Let P be a CP program
as in Def. 2 and let rdwp be the function which applies rdwp componentwise to
runs. Then we have:

(a) A rdws = T" 4

(b) Let zg € Z". Then for any prefiz run (yo,...,y;) € Z'T' we have:

rdw W\ —
P o) (CYL* (Y0, -+ 45)) = Py ((rdw$) = (Cyl™((yo, - -, y5))))-
Here, for any M C 7% we have (rdw's) (M) = {r € (Z")* | rdw$(7) € M}.

Proof. (a) Let (z0,21,...) € (Z")* such that T” ((zg, 2z1,...)) = j € N. So if
j € N, then rdwp(2p),...,rdwp(z;—1) > 0 and rdwp(z;) < 0. Similarly, if
J = 00, then rdwp(z;) > 0 for every j € N. So in both cases, we have

i = TP ((rdwp(zo), rdwp(z1),...) :TP’”:(rdwg«zo,zl,...>))
= (TP"" o rdw$)((z0, 21, . . .)).

(b) First note that for any prefix run (yo,...,y;) € 7711 we have

(rdw?) " (Cyl*((yo,- - 9)) = [ Col” (20, 25)). (13)

As usual, “@” denotes the disjoint union, i.e., we have Cyl%" (m)N Cyl™ (7')
= & for prefix runs 7 # 7’ of the same length. Note that both sides of the
equality (13) can be empty, i.e., there might not be any z,, with rdwp(z,) =
Yy, for some 1 < wu < j. For zg = rdwp(xg), we prove that

rdw -
P2 (Cyl™((yo, - - u5)) = PL, W cv® (zo.....25)
2(.....2; €ZT such that
rdwp (29)=yQ,-..,rdwp (zj)=yj

The result then follows by (13). For the left-hand side we get Pgdw (Cyl%((yo,
..,y;)) =0 if yo # zo and otherwise, we have

rdw rdw
]P)Z:O (Cyl*({yo, -, yi)) = H (pyi_yu—l + Oy, rdwp(d) " D)
1<u<;

II Y Do+ Sy rdup(a) P

1<u<j \1<v<n, aecy=yu—Yu—1
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For the right-hand side recall that rdwp(xg) = x¢ and that we only regard
tuples zg where rdwp(zo) = yo. So if yo # xo, then all of these tuples zg are
different from xq. Hence, then the right-hand side is also 0. Otherwise, we
have the following, where dp = rdwp(d):

]P)EO H‘J OylZT(<Zo,...,Zj>)
20,...,2; EZ" such that rdwp (zo)=yo,...,rdwp (z;)=y;
:]P;JO L—ij CylZ (@0, 21, .-+, 25))

Z1,...,2;€L" such that rdwp (21)=y1,...,rdwp(2;)=y;

_ Z ]P’Zj0 (C’ylzr(<wo,z1,...,zj>)>

Z1,...,2; €L7 such that rdwp (z1)=y1,...,rdwp (z;)=y;

= Z (Pz1—zo +021.d p')- H (Pzy—2zy 1 +02,.d -p')

21,...,2; ELT such that 2<u<j
rdwp (21)=y1,--- rdwp (25)=y;

— / /
= > (Pes, +0yrap - P') - oo (Pey, + 0y,.dp D)
Cyp e cv; €{eq,...,en} such that Td'mp(mo+cv1 )=vy1,

rdwp (2o tcy) +Cuy)=y2,-..,rdwp (2g+eyy +otew; )=yj

() / /
= E (pcvl Jr(;yl,dp'p) EERE (pcvj +5ijd7>'p)

CuysenCoy€{C1,. o en} such that y1 —yo=aecy,,...,.y; —y;-1=aec,;

:( Z pC+6y1,d7>'p/) BRI ( Z p0+6’yj,d7>'p/)

ce{eci,...,cn } such that y1—yo=aec ce{es,...,cn } such that y;—y;_1=aec

= H Z Pe, + 0y, dp -

1<u<j \1<t<n, aec; =y, —yu—1

For Equation (1), note that rdwp(xo+c,,) = ae(xo+c,,)—b=aexy+ae
¢y, —b=rdwp(xzo)+aec,, =yo+aec,,. Hence, rdwp(xg+c,,) = y1 means
that y1 —yo = aec,,. Similarly, rdwp(xo+cy, +€0,) = yo+aec,, +aec,, =
y1 + a e cy,. So rdwp(xg + ¢y, + Cy,) = y2 means that yo — y1 = a e ¢,,,
etc. O

Theorem 15 (Transformation Preserves Termination & Expected Run-
time). Let P be a CP program as in Def. 2. Then the termination times

TP and TP " are identically distributed w.r.t. rdwp, i.e., for all xy € Z" with
—_— rdw rdw
xg = rdwp(xo) and all j €N we have IP;)O (TT=3) = Pfa (T"""=3). So in partic-
rdw rdw rdw rdw rdw
ular, P (TP <o0) =PI (T7""<o0) and rtL =EZ (T7)=El " (T""" )=rt] ™.
Thus, the expected runtimes of P on the input xo and of P on xq coincide.

Proof. For any j € N and any xg € Z" we obtain the following.

Py (17 =)
=P, (Tpmw o rdwp = j) by Lemma 60 (a)
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=%, ((rdu) ™ (1) (5)))

=Py, | (rdw?) ™" ¥ Cyl*((yo, - - -, y5))
Y0,--Yj—1€L>0,Y;E€L<0
=Py, ¥ (rdws) ™" (Cyl*((yo, - - - y5)))
Y0,--Yj—1€2L>0,Y;€ZL<o

- > o, ((rdw) ™ (Cyl®((yo, - -, ;)

Y0,--5Yj—1€L>0,Y;E€L<0 .
= Z PZ‘;('iwp(:co) (Cylz(@o, o Y)) by Lemma 60 (b)

Y0,--5Yj—1€L>0,Y;E€L<0

rdw

= P (o) H‘J Cyl”((yo, -, y5))

Y0,--5Yj—1€L>0,Y;€L<0
_ ]Pﬂ)rdm (Tprdw _ j)

rdwp (xo)

As the above equality holds for every j € N it also holds for j = cc. ad

D.2 Proofs for Sect. 4.2

For the proof of Thm. 18, we use results on random walks [17,21,33]. We first
recapitulate the required notions from probability theory.

Consider a probability space (2,F,P) (ie., for every A € § C 2%, P(A)
is the probability that an event from the set (2 is in the subset A) and a
stochastic process Y = (Y;);jen where each Y; : 2 — Z is a random variable. Y
is independent and identically distributed (i.i.d.) on (§2,F,P) if for all j,j' € N
with j # 4§ and all y, z € Z:

e Y, and Y} are identically distributed, i.e., P(Y; = z) = P(Y; = 2)

e Y, and Y} are independent, i.e., P(Y; =y,Y; =2) =P(Y; =y) - P(Y; = 2)
Here, P(Y; =y, Y = 2) = IP’(YJ_l({y}) N Yj,_l({z})) is the probability that an
event m € (2 satisfies both Y;(7) = y and Yj/(7) = 2. So independence means
that one random variable does not influence the value of the other.

Now we recapitulate the notion of a random walk created by an i.i.d. stochastic
process.
Definition 61 (Random Walk [21]). Let Y = (Y),en be an i.i.d. stochastic
process for a probability space (£2,F,P) withY; : 2 — Z and let Xy : 2 — Z
be a random wvariable such that P(Xy = xo) = 1 for some xg € Z. The (one-
dimensional) random walk for (£2,F,P) induced by Y with starting point X, is

the sequence S = (S;)jen of random variables® S; = Xo + Zo< il Y, We
<u<j—
denote the random walk S by (Xo,Y).

6 . — 3 . —
Note that we define S; = Xo + Zogugjfl Y, instead of S; = xo + Zofuﬁjfl Y.

In this way, the random variables Xo, Yo, Y1, ... only generate a single random walk
that does not depend on xo. Instead, the different possible initial values xo are taken
care of by choosing different probability spaces ({2, §, Ps,) where Py, (Xo = z0) = 1.
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Analogous to the termination time for programs from Def. 3, the hitting time is
the time when the random walk “hits” a certain subset of Z for the first time.

Definition 62 (Hitting Time). The hitting time for a random walk (S;);en
is the random variable T"" : Q — N with T""(r) = inf{j € N | S;(r) < 0}.

Y = (Y;),en is 1.i.d., then E(Y)) = E(Y;) for all j € N. Hence, we define
u=E(Yy) to be the drift, i.e., the expected change in each step of the random
walk. For such random walks, a result similar to Thm. 18 is already known.

Lemma 63 (Drift and Hitting Time [33, Thm. 17.1, Prop. 18.1]). Let
Y be i.i.d. for a probability space (£2,F,P) and let (Xo,Y) be a random walk for
(2,5, P) such that p = E(Yy) < 0o (note that the drift 1 does not depend on X ).
Let T" be the hitting time for (Xo,Y). Then we have:

o If 1> 0, then P(T"" = 00) > 0. ‘ ‘
o If p=0 and P(Yo =0) # 1, then P(T"" = 00) = 0 but E(T"") = oo.
o If 1 <0, then BE(T"") < oco.

In order to use Lemma 63 to prove Thm. 18, our aim is to represent the stochastic
process X% from Def. 46 (for r = 1) as a random walk X% = (X%, Y?%) for a
suitable stochastic process YZ.

To this end, we take the stochastic process Y2 = (ij)jeN with YjZ =

(XjZ+1 — X]-Z) for all j € N, i.e., YjZ is the change of the program variable in

the (j + 1)-th loop iteration. Then XZ can be obtained as the random walk
(X5, Y%), since PL (X&' = zo) = 1 and X% = X{ + ZOS“SJ_A(XT%+1 - X7 =
X2+ Zogugj_l YZ for all j € N.

Unfortunately, YZ is not i.i.d. for the probability measure Pfo, because the
probability that YjZ = 0 (i.e., that X]Z+1 = XjZ holds) depends on j. More
precisely, the probability for XJ»ZH = X]Z is po plus the probability that the
program has already reached a value z < 0 (i.e., that the program’s termination
time is at most j). The reason is that according to the probability measure
Pfo, the value of z remains unchanged as soon as x < 0. Thus, we obtain
Pr (YJ-Z =0) =po +PL (T” < j), where PL (T" < j) clearly depends on j.
Therefore, we now introduce a new adapted probability measure Pfo such that
YZ is i.i.d. on the probability space (Z“, %, P’ ) and at the same time, E (T7)
= E? (T7), where E7 (T”) denotes the expected value of the termination
time 77 under the probability measure Pfo. In the following definition, qfo
corresponds to the function prfo from Def. 42 that maps any prefix run to its
probability if zq is the initial value of the program variable. When defining prfo,
the probability for a prefix run (zo, ..., 2zj_1,2;) where z;_1 <0 and z;_1 # z;
was 0. In contrast, for qfo we continue to execute the program also if x < 0.
This corresponds to a variant of the program where the loop condition = > 0 is
replaced by true.
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Definition 64 (Probability Measure Pfo). For any random walk program
P as in Def. 12 without direct termination, any o € Z, and any prefiz run
(20, 215+ .., 25), let ql’()((zo)) = 0gy.20 and if j > 1, we define:

Q£;(<207--~7Zj>):= q;;(<207~-~72j—1>)'l&j—zj,l

P - N Z( \\_ P
P, is the probability measure with P, (Cyl™(r))=qy, (7) for any prefiz run .

xT

Ezample 65 (Adapted Probability Measure for PT ). Consider runs that start

ace
with 1, —2, and —6. Here, we have Y ((1,-2,—-6,...)) = (=2) — 1 = —3 and
YE((1,-2,-6,...) = (:6) — (—2) = —4. For P4 01;EX. 14, when using the
probability measure IP’f“”e from Def. 44, we obtain IE”?”“(CylZ(U, —2,—-6))) =
rdw
prf”“((l,—2,—6>) = prw . priv .5 5 ¢ = 0, since the value of x should
not change anymore after reaching the non-positive value —2. In contrast, the
rdw rdw
adapted probability measure Pf”“ from Def. 64 yields Pf"‘““ (Cyl%((1, -2,
»Pwa

—6))) = ¢ " (Cyl*({1, -2, ~6))) = "%’ P’ = 55 - 35 = z57-

For the termination time 77 one only regards the time that it takes until the
program variable x is non-positive for the first time. Thus, it does not matter
whether z is kept unchanged afterwards (as in the probability measure Pfo) or
whether the loop body is executed further afterwards (as in PZL.DO). So the expected
runtime is the same, no matter whether one uses Efo or Efg.

Lemma 66 (77 is Identically Distributed Under P! and P.)). For any

random walk program P without direct termination, any xo € Z, and any j € N,
we have PL (T7 = j) =PL (T7 = j). Thus, EL (T7) =EL (T7).

Proof. First of all, by the definition of 77, for any j € N we have
(T”) ' ({ih = O Cyl* (7). (14)
7T:<Zg ..... Z_j>€Z£OXZS0

First, we consider xy < 0. Then any cylinder set with positive probability
w.I.t. Pfo resp. Pfo has the form Cyl”(r) where 7 starts with 2o < 0. But for
any run 7 € Cyl%(n) we have T7 (1) = 0. Therefore, we conclude IP’Z;O (TP =0) =
1=PL (T =0).
‘We now show that for zg > 0
P (Cylz(ﬂ)) =P’ (Cylz(ﬁ)) for any ™ = (20,...,2;) € Zj>0 X Z<p. (15)

The reason is that we have:

P Z _ P
Py, (Cyl™(m)) = pry, () by Def. 44
= (Sxo,zo . H pzu+1_zu by Def. 42 as 205y Rj—1 >0
0<u<j—1
=q ()

=P’ (Cyl”()) by Def. 64
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Therefore, for all j € N we obtain:
Py, (T = j)
= PPO (T ) YU

=P, 1 Cyl* () by (14)
by additivity of prob. measures

(™)
= 7 (CylZ ) by (15)

= Pfo L—Ij Cylz(w) by additivity of prob. measures
ﬂ:(zo,.“,zﬁeZgUXZgg
=P, (17 =) by (14)
Finally, P, (I7 =) = 1 - Y PP (17 =j) = 1 - Y PL (17 =) =
jEN jEN
PP (T7 = o). 0

Now we show that the process YZ with sz Xﬁ_1 — ij is i.i.d. w.r.t. the
probability measure Pfo and thus, (XZ,Y?) is a random walk for (Z*, §Z, Pfﬁ).

So the expected value of YjZ under Pfo, is the same for all j. In fact, this expected
value is the drift up of the program, irrespective of the start value xg.

Lemma 67 (Y is i.i.d. and its Expected Value is the Drift of the Pro-
gram). Let XZ be the stochastic process as in Def. /6. We define the process
YZ = (sz)jeN by Y = XJZ+1 XjZ for all j € N. Then for any random walk pro-
gram P without dz'rect termination and any xo € Z, Y2 is ii.d. w.r.t. (2,2, Pfo)

and thus, (Xg7YZ) s a random walk for this probability space. Furthermore, for
any xo € Z and any j € N, we have EP (YZ) = up.

Proof. We first show that the YZ are identically distributed. More precisely, we

prove that for all u,zy € Z and all j € N we have P73 (YZ = u) = p,,. Similar to
our handling of multivariate programs in App. B, for any random walk program
P as in Def. 12 we define p, = 0 for v > m or v < —k.

=P ) Cyl* ()

T=(20,.12j41)ELI T2 zj 1 —zj=u
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= Z Pfo <CylZ(7r)) by additivity of prob. measures
7=(20,--2j+1)ELIV2 zj 11 —zj=u
= Z qfo (m) by Def. 64

T=(20,..,2j41)ELI 12 z; 1 —zj=u

- Z H Dzyi1—2, by Def. 64

T=(20,21,..,2j41)ELI T2 z0=x0,2j41—z;=u 0<v<j

= Z Pu - H Pzyi1—2,

T=(20,21,---,2§ ) ELI T, zo=20 0<v<j—1

= Z H pz1,+1—z1, *Pu

T=(20,21,..-,2j) ELIT1 zo=29 0<v<j—1

= Z Pvy = - Povj | " DPu

V1,...,0;€EL

- (zp) -

=17 py = pu- as P does not have direct termination

As p, is independent of j, the YjZ are identically distributed. Furthermore, the
expected value of YjZ under Pfo is

EL (V)= Y u-pu=pp,

—k<u<m

which is the drift of the program.
It remains to show the independence of the random variables. Let j # j' € N
and w.l.o.g. assume j' > j.

PP (Vi =uY)=u)

Zo\ "]
_ pP Z Z __ Z 7 __
_P%O(Xjﬂ—Xj =u, X5, — X =u) /
=P, {(20,..) €Z¥ | zj11 — 25 =u, 2511 — 25y = '}
=P ) Cyl* ()

— i’4+2 . — _ —ay!
7r7<zo,...,zj/+1>€Z-7 T2 zj 1 —2j=u, 2 — 2 =U

_ P Z

_ ) P, (Cyl*(m))
7r:<z0,...,zj/+1>€Zj/+2,z]'+17z]':u,zj/+17zj/:u’

_ P

= > Qo (T0)
7r:<z0,...,zj/+1>€Zj/+2,z]'+17z]':u,zj/+17zj/:u’

- Z H pzv+1_zv

il i’
7T:<20,Z1,...Zj/+1>€ZJ +2,zozzo,z_j+1fz_7:u,zj/+17zj/:u’ 0<v<y
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Cx (e ) )

i 0<v<j—1 1 <p<ijl—
71':<20,21,A.Azj,+1>€Z],+2, Svs) JH1<v<j’—1

20=20,2j41 "2 =U,
— —u/
Zjr T =

Z H Pzyy1—2, *Pu - Pw

0<v<g/ —1, v

'
7T:<zo,zl,...zj/>€ZJ +1 20=20,2j41—2;=u

Z Poy t oot Poy g | Pu Pu

vl,‘..,vj/,IGZ

g —
<Z p'u) *Pu - Pw

y<2
= 1]7)_1 gu * Puw :gu 'pZu’
=P, (Y =u)-P, (Y =1u). O

Now we can prove Thm. 18 based on the results of Lemma 63 for random walks.

Theorem 18 (Decision Procedure for (P)AST of Random Walk Pro-
grams). Let P be a non-trivial random walk program without direct termination.

e If up >0, then the program is not AST.
o If up =0, then the program is AST but not PAST.
o If up <0, then the program is PAST.

Proof. Due to Lemma 67, Y2 isii.d. w.r.t. (Z¥,§% P7 ) and thus, S = (X§,Y?)

is a random walk w.r.t. this probability space for any zy € Z. By Def. 61 we have
7 _ T 7 _ T : DT hit

Sy =Xy + Zogugg‘q Y, = Xj for any j € N. Hence, the hitting time 7" for

the random walk SZ as defined in Def. 62 is exactly the termination time 7.

As we proved in Lemma 67 that Efﬁ (Yp) = pp holds independent of zy € Z, we
can use Lemma 63 for all zy. So we get for all zg € Z:

o If up > 0, then PP (TP=00) "2 PP (TP=00) > 0, i.c., P is not AST.
e Note that as P is non-trivial (i.e., pg # 1), we have Pfo (YZ =0) # 1. So if
pp = 0, then Lemma 63 implies P2 (T7 = o) hemuma 66 PY (TP =00) =0

To
but EP (TP) *"2*  gP (TP) = o0, i.e., P is AST but not PAST.
o If up < 0, then EP (TP) "2 EP (TP) < o0, i.e., P is PAST. O

Ezample 68 (Termination of Variations of P4 ). We showed already in Sect.
4.2 that the drift of the program P/ in Ex. 14 is —3 <0. So by Thm. 18 this
program is PAST, i.e., the hare is expected to overtake the tortoise in a finite
number of iterations.

Now consider the modified program P:
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while (z > 0) {

r=x+1 [1—61];
z=z  [{]
z=xz—-1 [0
r=z-2 [&];
x=x—3 [0
r=z-4 [f];

}

The distance still increases with probability 1—61 but it decreases by at most 4. Its
drift is pp =1+ +0- 2 4+ (=2)- & + (—4) - {5 = 0. Hence, on average the
distance x between the tortoise and the hare remains unchanged after each loop
iteration. By Thm. 18 this program is AST but not PAST. Hence, the hare wins
with probability 1, but the expected number of required loop iterations is infinite.

Finally, we change the probabilities to obtain the program P’:

while (z > 0) {

r=z+1 [];
x=ux [&];
r=z-1 g
r=x—2 [%],
r=x-3 [%);
r=x—4 [%],
}
Its drift is ppr =1- & +0- 2 + L Z_4<j<_1j = & > 0. Thus, P’ is not

AST by Thm. 18. So there is a positive probability that the hare never catches
up with the tortoise and the race takes forever.

Corollary 20 (Decision Procedure for (P)AST of CP programs). For a
non-trivial CP program P, P is (P)AST iff P™ is (P)AST. Hence, Thm. 15
and 18 yield a decision procedure for AST and PAST of CP programs.

Proof. If P has direct termination (i.e., p’ # 0), then P and P are PAST by
Thm. 10. Otherwise, by Thm. 15 we can reduce the termination of P to the
termination of P™ on inputs which are in the image of rdwp. Note that the
termination behavior of P™" is the same for all 2 > 0. Hence, to show that P
is (P)AST iff P™" (P)AST, we prove that rdwp’s image also includes positive
values. To see this, note that a # 0 implies a e a > 0. Hence, for any natural

numberu>a%baweobtain rdwp(u-a)=u-aea—b> a’.’a-aoa—b:(). O

D.3 Proofs for Sect. 4.3

We now show that for CP programs P without direct termination, one can not
only decide termination, but the construction for the proof of Thm. 18 also
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directly yields asymptotically exact bounds on their expected runtime. More
precisely, we show that rtfo is asymptotically linear whenever P is PAST (and
we even provide actual upper and lower bounds). To prove this result, we use
Wald’s Lemma from probability theory. Again, we first consider random walk
programs and then use the reduction of Sect. 4.1 to lift our result to arbitrary
CP programs.

Recall that if a stochastic process Y = (Y}),en on a probability space (12, §,P)
is i.i.d., then E(Yy) = E(Y;) for all j € N. Thus, we obtain

E Z Y | = Z E(Y;) = c-E(Yp) for any constant ¢ € N.
0<j<e—1 0<j<e—1

By Wald’s Lemma, a similar statement even holds if instead of the constant ¢
we use a random variable T', provided that T is independent from the stochastic
process Y. We use a consequence of Wald’s Lemma where T" does not need to be
independent from the whole process Y but for every j, the random variable Y is
independent of whether T is greater or equal to j+ 1. The required independence
can be expressed formally by demanding that Y; must be independent of Iy7> ;413 :
2 - {07 1}, where H{TZj—i—l}(ﬂ-) =1 lfT(Tr) Z j+1 and ]I{sz+1}(7T) = 0 otherwise.
Then, to compute E (ZOSjSTfl Y}), by Wald’s Lemma one can apply E to
both T" and Y,, separately, i.e., one can compute E(T') - E(Yp).

Lemma 69 (Consequence of Wald’s Lemma, cf. [21, Lemma 10.2(9)]).

Let Y = (Yj)jen be a stochastic process on a probability space (£2,F,P) which
is i.1.d. and let T : 2 — N be a random variable. Define the random variable

(ZOSjST_lyj) N>R HZOSjST(ﬂ)_lyg(w), If E(Y)) < oo, E(T) < oo, and
the random variables Y; and lyr>;41y are independent for all jEN, then

E( Y Y| =ET)- EY).

0<j<T—1

Proof. In [3, Thm. 17.7] it is shown that

E( > Y| <o, (16)
0<j<T-1

i.e., the expected value of Zogngfl

to the proof of [21, Lemma (9) in Sect. 10.2], but it is done under different
preconditions.

Y; exists. The proof of Lemma 69 is similar

E( Y

0<j<T—1
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=E > Y Lirsjiy

0<j
= ZE (Y] ']I{sz+1}) by the existence (16), i.e.,
0<j since this expected value is < oo
= Z]E (Y;)-E (Iyzj113) by independence of Y; and Ijrs i1y
0<y
= ZE (Yo) - E (Iirsj413)  as E(Y;) = E(Yp), since Y is i.i.d.
0<j
=E (Y)Y E (Lzzj41y)
0<j
=E(Y0) > (0P ([zzjiny =0) + 1P (Irzjeny =1))
0<j
_E(Y)-Y P>+ 1)
0<j
=E(Yo)-Y, > P(T=u)
0<j j+1<u

=E(X)- Y, Y P(T=u)

1<u 0<j<u—1

—E(Y,)-Y u-P(T=u)

1<u

= E(Yy)-E(T) O

In our setting, we consider the stochastic process YZ from Lemma 67 and the
termination time 77 . When regarding ]P’fo, Y; (i.e., the difference between the
(j+1)-th and the j-th element of a run) is clearly not independent of the question
whether the run already terminated in (or before) the j-th element. The reason
is that under the probability measure }P’fo, the elements of a run do not change
anymore after termination. However, Lemma 70 shows that when regarding Pfo
instead, the independence requirement of Lemma 69 is fulfilled.

Lemma 70 (Independence of YjZ and Ijrrps;i1y). Let YO = (Yj-Z)jeN be
the stochastic process from Lemma 67. Then for any random walk program P
without direct termination, any xog € Z, and any j € N, the random variables Y]-Z

and ly7r>;41y are independent w.r.t. the probability measure Pfﬂ.
Proof. We show that for any x,y € Z, we have
PZEDO (YJZ =7, H{TPZj+1} = y) = Pfo (YJ = x) ’ PZEDO (]I{TPZjJrl} = y) :

Note that the left- and the right-hand side are both zero whenever y ¢ {0,1}.
Thus, it is enough to show the claim for y =0 and y = 1.

Case 1: y =0

Pl (Vi ==, Lirrsji1) =0)
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_ pP Z

- beo Lﬂ Lﬂ Cyl (W)

0<u<j n=(z9,--» z_j_*_l)ezgongoxzj—u-#l,
zjp1—zj==

0<u<y n=(z9,--, z7>+1>eZgO><Z<O><Z.7—1L+1,
Zj41=zj=w

_ E E P
- qajo (ﬂ-)
0SUS] mm(zg.enzj 1) €28 o X T g XTI 8 H1L,
1=
= E : E 5960720 ! I | Pzyy1—20
0SUST 7= (20 0enrzj 1) €2Y g X ZaxZI—UHL, 0<v<j
Zjp1—z ==
= § E 6900720 : I | Pzyy1—2,
0<u<j m=(20,...,2; ) €LY X L o X LI~ 0<v<yj—1

41

PP (Cylz(ﬂ)> as PT is a prob. measure

by Def. 64

by Def. 64

* Pz

= Pfo (Y; = (E) : Z Z 6I0,Zo ’ H Pzy 120
0<u<j m=(20,...,25) ELYL ( X Lo X LI~ 0<v<j—1

=PL (Vj=a)-| > > ap (7)
0<u<j m=(20,...,2;) ELYL ( X Lo X LI~

= Pfo (Y; =x)- Z Z Pfo (Cylz(ﬂ)) by Def. 64
0<u<yj ﬂ:(Zo,...,Zj)GZ;(]XZSO XZI—u

= PZ, (Y, =z)- Pfo L"j Lﬂ CylZ(ﬂ') prob. measure

0<u<yj 7r:<ZU7...,Zj>€Z1;O XZSO X 73— u
=PL (V; =2) PL (Iirrj41) =0)

Case 2: y =1

Py (Y=, Ligrsjiy = 1)

=Pl ¥ Cyl*(m)

P7 (Cyl(m))
7=(z0,-»zj41) €2l xz,
Zjp1m5=e
= > qr (m)
7r=<z(] ,,,,, zj+1>EZj><'E)1XZ,
zji1—zj=a

P .
as P, is a prob. measure

by Def. 64
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= Z 510@0 : H Pzyi1—2, by Def. 64

i1 .
w=(20,--»7j41) €2 xz, 0<v<y

Zj41—2j=2

= Z 510,20 : H Pzyy1—2, | Pz

‘n':(zo,...,zjv)ezj;gl 0<v<j—1

7j—1
= Pf@ (YY = .13) ' Z 61‘0,20 : szwr]—zv
v=0

T{':<Zo,“.,2]‘>€Z‘gE1

=P (Y;=1)- > ar () by Def. 64

j+1
T{':<Zo,..472j>€ZJ>-E

= Pfo (Y =x)- Z PZ«,DO (Cylz(ﬁ)) by Def. 64

7r:<20""7zj>€Zj>T)]

=P7 (V;=2x) -P] L-Ij Cyl”(m) as P? is a prob. measure
=(20,...,2;) €L}
=P7, (V; =2) Py, (g0 = 1) 0

Now we can use Lemma 69 to infer linear upper and lower bounds for the expected
runtime if the random walk program P is PAST (i.e., if up < 0).

Theorem 71 (Bounds on the Expected Runtime of Random Walk Pro-
grams). Let P be a random walk program as in Def. 12 without direct termination
where up < 0. Then rtfo =0 for xg <0 and for xog > 0, we have

_1 < P < 1 1-k
up To - Ttl'o - nr Lo + up "

So for xy > 0, P’s expected runtime is asymptotically linear, i.e., tho € O(xp).

Proof. All prerequisites are satisfied to apply Wald’s Lemma (Lemma 69) for the
stochastic process YZ on the probability space (7%, 57, Pfo) and the termination
time T7: By Lemma 67, YZ is i.i.d. w.r.t. (2%, §%, Pfﬂ) and E%O (YE) = pp < .
Since pup < 0, Thm. 18 yields that P is PAST and hence tho = Efa (TP) < 00.
By Lemma 66 this implies Efo (TP) = Efa (TP) < oo. Furthermore, YJ-Z and
I¢7P>j11y are independent by Lemma 70. Thus, Lemma 69 yields

BL | > Y| = ELAT)ELOY) (7)
0<j<TP -1
Let the random variable X7 : {2—7Z map every run « to the first non-positive

value in 7, i.e., to the value of the program variable when P terminates, or 0
otherwise. So Xp» (7) = Xpr () () if TP (1) <00 and Xpr (1) = 0 if T7 (1) = 0.
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To infer linear bounds on the expected value of the termination time Efo (T7)
resp. IEZ;O (T7), we first infer bounds on Efo (X7r). Clearly, we have Xpr(m) <0
for every m € (2 by the definition of the termination time and of X7 ». Hence,
this implies Efo (Xpr) <0, ie., 0is an upper bound for Efo (X7P).

To infer a lower bound for Efo (X77), note that if ¢ > 0, then for every run
T = (20,...,%j-1,%j,...) where PZ;O(C’ylZ(W)) = ¢l (7) > 0 and z; is the first
non-positive value in 7, we have j > 1 and z; is at most & smaller than z;_;.
Thus, zj_1 > 1 implies z; > z;_1 —k > 1 — k. Hence, for all these runs we have
Xpe(m) = z; > 1 — k. Moreover, for runs m without non-positive values, we also
have Xpr(7) > 1 —k, since Xp»(7) = 0 and since pup < 0 implies k& > 1. Thus,
we obtain EI (X7») > 1 — k whenever zo > 0.

So to summarize, we get the following upper and lower bounds for Efo (X17)
if xg > 0:

1-k < El(Xpe) < 0 (18)

> Z _ xZ Z
Recall that for every j > 0 we have X" = X§ + Zogugg‘fl Y. . Hence, we

also have Xp» = X&' + Z Y2, This implies:

0<u<TP—1

E] (Xre) =E[(X§)+E [ > Y7

0<u<TP-1
=9+ EL (T7)-EL (Y§) by (17)
=20 +EL (T7) - pp by Lemma 67
=x0+ ]Ez;0 (TP) - Up by Lemma 66.

Hence, by (18) we obtain *ﬁ cxg < IEZ:U (TP) < fﬁ - To + 1;—7:“ for any

zo > 0. This implies the theorem, since rt], =E? (T7). O

Theorem 21 (Bounds on the Expected Runtime of CP Programs).
Let P be a non-trivial CP program as in Def. 2 without direct termination
which is PAST (i.e., ppun < 0). Moreover, let kp be obtained according to the
transformation from Def. 13. If rdwp(xo) < 0, then rt2 = 0. If rdwp(xo) > 0,
then P’s expected runtime is asymptotically linear and we have

P —k
- lerdw - rdwp ((L’o) S Ttwo < _iu“plrdw - rdwp (wo) + /ILMZ :

Proof. The result directly follows from Thm. 15 and 71.

E Proofs for Sect. 5

Lemma 26 (Number of Roots With Absolute Value < 1). Let P be
a random walk program as in Def. 12 that is PAST. Then the characteristic
polynomial xp has k roots A € C (counted with multiplicity) with |A] < 1.
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Proof. We use Rouché’s Theorem: For a univariate polynomial a, -z + ...+ a; -
x + ag, if there is a number w € R+ and an index v € N with 0 < u < v such
that

jaul - w" > Y ag|-w, (19)

0<j<v, j#u

then the polynomial has exactly u (possibly complex) roots (counted with multi-
plicity) of absolute value less than w.

We now apply Rouché’s Theorem to the characteristic polynomial and proceed
by case analysis. First, we consider the case where p’ > 0. Here, we choose w = 1
and u = k. Then (19) becomes

lpo — 1| > Z Ipjl.

—k<j<m, j#0

As |po — 1] =1 —po and |p;| = p; for all j, this is equivalent to

1> ijzl—p’

—k<j<m

which is true since p’ > 0. So by Rouché’s Theorem, the characteristic polynomial
xp has k roots A with |A| < 1.

However, we would like to conclude that there are no more than k roots A
with |A| < 1. Thus, we still need to show that xp has no root A\ with |A| = 1.

Clearly, 0 = xp () is equivalent to 0 = Z R AT NFUTE A = 1 were
—k<j<m

_ Y
true, then 1 = kagjgm p; - A and
L=< > Ipl-W = > p=1-p
—k<j<m —k<j<m

by using |p;| = p,;. However, this is a contradiction to p’ > 0.

Now we consider the case where p’ = 0 and thus Z ; = 1. Our goal

p
k<j<m
is to show that for all small enough & > 0, the inequality (19) holds if we set
w=1+¢and u = k. Then (19) becomes

> > Ipsl-with,

—k<j<m, j#0

lpo — 1] - w”

As |po—1]=1—po, w=1+¢, and |p;| = p; for all j, this is equivalent to

(1=po)-(L+e)F > > pj-(Q+eyth
—k<j<m, j#0



Computing Expected Runtimes
Note that” (14 &) =14 j-e+ O(e?) for any j > 0. Hence, we obtain
(1—po)+k-(1—po)-e+ 0

> Z p;j | + Z pi-(G+k) ]| +0(?).

—k<j<m, j#0 —k<j<m, j#0

By using Zik<j<m p; = 1, this simplifies to

k-(1—po)-e+0(?) > Y. pi (k) -e] +0E).

—k<j<m, j#0
When dividing by € > 0, we get
k- (1—=po)+0O(e) > > pi(i+k) | +00)
—k<j<m, j#0
To satisfy this, it is sufficient to have
k- (1—po) > S (kR + 0.
—k<j<m, j#0

This is equivalent to

k> Y pi-(+k)+0()
—k<j<m
= > pjitk+0()
—k<j<m

=up+k+0(e).

Since up < 0 as P is PAST (cf. Thm. 18), this is true for all sufficiently small
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€. Hence, there are exactly k roots of absolute value less than 1 4 ¢, where ¢ is

sufficiently small, so in particular k roots of absolute value < 1.

Lemma 28 (Unique Solution of (4) and (5) when Disregarding Roots

O

With Absolute Value > 1). Let P be a random walk program as in Def. 12
that is PAST. Then there is exactly one function f : 7 — C which satisfies both

(4) and (5) (thus, it has the form (9)) and has aj, = 0 whenever |X\;| > 1.

Proof. To encode the requirement on the a; ,,, we modify (5) into a new constraint
(20) which ensures a;,,, = 0 whenever |);| > 1. More precisely, this new constraint

" This notation means that (1+¢)” = 14 -+ f(e) for a function f with f(z) € O(z?).
Here, k, m, and the p; are considered to be constants, i.e., we write (9(52) instead of

(1=po)-O(*) or Y pj - O(e?).

—k<j<m, j#£0



46 J. Giesl, P. Giesl, and M. Hark

(20) is a recurrence equation such that the characteristic polynomial xg of its
homogeneous part has all the roots of yp except those whose absolute value is
greater than 1, i.e., xo(A) = H (A—A;)". Thus, we can define the

coefficients ¢; € C by

XO()\) = H ()\ _ )\j)vj = A Z 4 pLara

1<j<e, |AI<1 —k<j<—1

1<j<e, |A;1<1

Note that the degree of the polynomial xg is indeed k, because by Lemma 26 we

have Zlﬁjﬁc, gl 9T

Moreover, the constant add-on of the new recurrence equation is constructed
in such a way that the particular solutions Ceonst resp. Ciy, - @ of (5) are
also solutions of the inhomogeneous recurrence equation. Thus, let D.ynst =

Cconst' (1 - Z—k<j<—1 qj) and Dy, = _Clin -Z—k<j<—1j.qj. Instead of (5)7

we now consider the constraint

flz) = Z gj- fle+j)+D forall x>0, (20)

—k<j<-1

where we choose D = D.ope if p > 0 and D = Dy;, if p’ = 0. We show the
following two claims:

(a) There is exactly one function f : Z — C which satisfies (4) and (20).
(b) A function f :Z — C satisfies (20) iff f satisfies (5) (thus, it has the form
(9)) where a; ., = 0 whenever |A;| > 1.

These two claims imply the statement of the lemma. To see this, note that by
(a) there exists a function which satisfies (4) and (20) and by (b) this function
also satisfies (5) and it has a;, = 0 whenever |\;| > 1. This function is unique,
because if there were two different functions f; and fo that satisfy (4) and (5)
and have a;, = 0 whenever |);| > 1, then by (b) these two functions would also
both satisfy (20). But this would be a contradiction to the uniqueness stated in
(a).

We now prove the claims (a) and (b). For (a), note that the recurrence
equation (20) is formulated in such a way that f(z) only depends on the values

of f on the smaller values x — 1,...,z — k (i.e., it is a recurrence of order k). By
the constraint (4), the initial value of f on negative values is uniquely determined
(i.e., f(0) = f(-1)=...= f(—k+1) = 0). Hence, by induction on z, one can

easily prove that there is a single unique function f : Z — C that satisfies both
(4) and (20).

For the claim (b), we only have to show that Ceopnse is a solution of the
inhomogeneous recurrence equation (20) if p’ > 0 and Cj;, - x is a solution of
(20) if p" = 0. Once this is shown, it is clear that all solutions of (20) result
from adding the particular solution C.,y,s¢ resp. Ciiy - © of the inhomogeneous
equation to a solution of the homogeneous variant of (20) (where D is replaced
by 0). Any solution of this homogeneous variant can be represented as a linear
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combination of the solutions A7 - z* where [\;| < 1 and u € {0,...,v; — 1}.
That these are linearly independent solutions of the homogeneous variant of (20)
follows from the fact that g is the corresponding characteristic polynomial. Thus,
the solutions of (20) are all functions of the form (9) where a;, = 0 whenever
|A;| > 1, which proves (b).

It remains to show that C.,,s resp. Cpp - ¢ are particular solutions of the
inhomogeneous recurrence equation (20). If p’ > 0, then the definition of D opst

indeed implies Cronst = Ceonst - Z ¢; + Deonst. If p’ = 0, then we have

—k<j<-1
to show
Clin T = Cl'm . Z qj (17 +.7) + Dlin~ (21)
—k<j<-1

Since 1 is a root of xp (i.e., one of the \; with |A;| < 1is A\; = 1), 1 is also a root of
Xo- So we have 0 = xo(1) =1— Z 2 which implies Z, g =1
So (21) is equivalent to

—k<j<— k<j<—1

Crin-w=Cuin-(x- Y, @i+ > §-¢)+ Din

—k<j<—1 —k<j<—1
=Ciin-(x+ Y j-4)+ Dun-
—k<j<—1
This holds due to the definition of Dy;,. a

Theorem 29 (Exact Expected Runtime for Random Walk Programs).
Let P be a random walk program as in Def. 12 that is PAST and let A1, ..., A be
the roots of its characteristic polynomial with multiplicities vy, ..., v.. Moreover,
let C(x) = Ceonst = % if ' >0 and C(z) = Clip -z = —ﬂ% -z if p' =0. Then

the expected runtime of P is rt” =0 for x <0 and

P T u
rt.. = C(x) + E E Qi N5 orxz >0
z () 1<j<e, [A;]<1 0<u<v;—1 ¢ I ! ’

where the coefficients a;,, are the unique solution of the k linear equations:
_ ATt - <z<
0 C(mHlejgc, BVIES! ZOSuSv;‘—l ajuXj-at for —k+1<x<0 (11)

So in the special case where k =0, we have rtf =C(x) = Ceonst = i for x > 0.

Proof. By Thm. 9, the expected runtime rt? is the least fixpoint of the expected
runtime transformer £, i.e., the smallest function f(z) : Z — R>( which satisfies
(3), or equivalently, the smallest function which satisfies (4) and (5).

Since f satisfies (5), it is a function of the form (9), i.e., there exist coefficients
a;., € C such that for all x > —k we have

flz) = C(z) + z Z Aju - Aj - T

1<j<c 0<u<v;—1
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If we had aj, # 0 for a coefficient where |A;| > 1, then f(z) would not be
bounded by a constant (if p’ > 0) resp. by a linear function (if p’ = 0). Thus,
this would contradict Thm. 10 (if p’ > 0) resp. Thm. 21 (if p’ = 0).

By Lemma 28 there is a single unique function f : Z — C which satisfies
both (4) and (5) and has a;, = 0 whenever |\;| > 1. So this function must be
the expected runtime (and hence, it maps any integer to a non-negative real
number). Due to (5) the function must be of the form (9) for all > —k but at
the same time it also has to satisfy f(z) =0 for all x < 0 due to (4). Therefore,
it must satisfy the linear equations (11). On the other hand, the linear equations
(11) cannot have more than one solution because otherwise this would yield two
different functions that satisfy both (4) and (5) and have a;, = 0 whenever
|A;] > 1, in contradiction to Lemma 28.

If k=0, then p’ > 0 as P is PAST. Lemma 26 implies that yp has no root
with |A| <1 and thus, th = Cronst + Z ) co. = Cronst for x> 0. O

1<j<e, [A51<1

Corollary 31 (Exact Expected Runtime for CP Programs). For any CP
program, its expected runtime can be computed exactly.

Proof. If P is trivial, then its expected runtime is obvious. Otherwise, by Cor. 20
one can decide if P is PAST and in that case, P™ is PAST as well. For any

CP program P, we have rt) = rtzz)wp(z) due to Thm. 15. As rtzzwp(z) can be

computed exactly by Thm. 29, this also holds for rtzz. a

As mentioned in Sect. 5, Thm. 29 and Cor. 31 imply that for any xg € Z", the
expected runtime 7"1550 of a CP program P that is PAST and has only rational
probabilities pe,,...,pe,,p’ € Q is always an algebraic number. This is due
to the fact that rtz,fo can be represented as a linear combination of algebraic
numbers (the roots of the characteristic polynomial xprw ). The coeflicients of
this linear combination are the solution of a linear equation system (11) over
algebraic numbers and hence, they are algebraic numbers themselves. Therefore,
one could also compute a closed form for the exact expected runtime rt2 using a
representation with algebraic numbers instead of numerical approximations.

As also discussed in Sect. 5, while the exact computation of the expected
runtime of a random walk program P according to Thm. 29 may yield a repre-
sentation of rtf with possibly complex number, one can easily obtain a more
intuitive representation of rt” that uses real numbers only.

As stated before, for any coefficients a;.,,a}, € Cwith j € {s+1,...,s+1t}
and u € {0,...,v; — 1} there exist coefficients b;,, and b’ , such that

G A+, N = b Re(A]) + b, Im(X])

holds for all z € Z. More precisely, b; , = a;j, + a;’u ar££)97u = (aju — a;-’u) -q.
So any linear combination of the functions A7 - 2" and A;" - 2" can be replaced
by a linear combination of the functions Re()\}) - #* and Im(A7) - 2. In this way,
one obtains k£ + m linearly independent real solutions of the corresponding homo-

geneous recurrence equation. Hence, by Thm. 29 we now get the representation
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of the expected runtime in (12):

C(z) + Z Z Aju - Aj - x”
1<j<s, Aj1<1 0<u<ov;—1
rty = + Z Z (bj,u-Re(A]) + bj,,-Im(A])) - 2", for £ > 0
s+1<j<s+t, [A;|<1 0<u<v;—1
0, forx <0

Since rt” is real-valued, A7 € Rforj € {1,...,s}, and Re(A]),Im()\}) € Rfor j €
{s+1,...,s+t},alla;j, for j € {1,...,s} and all b; ,,, b;-’u forj € {s+1,...,s+t}
are real numbers. As b, = a; . + a;.,u, this means that a;’u is the conjugate of
Qju, 1€., @}, = @5, and thus, bj, = 2-Re(aj,) and b}, = =2 - Tm(a;.).

As mentioned, to compute Re(A}) and Im(A7), we consider the polar represen-
tation of the non-real roots A;, i.e., for j € {s+1,...,s+t} let \; = wj~69"'i with
w; € Ryo and 0; € (0,27). Then \] = w7 - % and Re(\j) = wj - cos(0; - )
and Im(A]) = wj - sin(0; - z).

Note that in Alg. 33, one could also already use the representation in (12)
with Re(A}) = wj - cos(0; - v) and Im(A]) = wj -sin(f; - z) here. Then one would
only have to solve a system of linear equations over the reals and can compute

bju and b, directly.
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